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INHOMOGENEOUS INCOMPRESSIBLE VISCOUS FLOWS WITH 
SLOWLY VARYING INITIAL DATA 

JEAN-YVES CHEMIN AND PING ZHANG 


Abstract. The purpose of this paper is to provide a large class of initial data which gener¬ 
ates global smooth solution of the 3-D inhomogeneous incompressible Navier-Stokes system 
in the whole space R®. This class of data is based on functions which vary slowly in one direc¬ 
tion. The idea is that 2-D inhomogeneous Navier-Stokes system with large data is globally 
well-posedness and we construct the 3-D approximate solutions by the 2-D solutions with a 
parameter. One of the key point of this study is the investigation of the time decay proper¬ 
ties of the solutions to the 2-D inhomogeneous Navier-Stokes system. We obtained the same 
optimal decay estimates as the solutions of 2-D homogeneous Navier-Stokes system. 
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1. Introduction 


In this paper, we investigate the global well-posedness of 3-D incompressible inhomoge¬ 
neous Navier-Stokes system with large initial data slowly varying in one space variable. In 
general, inhomogeneous Navier-Stokes system in reads 


(INSdD) 


dtp + u ■ Vp = 0, 
pdtu -|- pu ■ Vu — Au + Vn = 0, 
div n = 0, 

(p,u)lt=o = (po,uo)- 


Here the unknown p is a function from [0,T] x into the interval ]0, oo[ which represents 
the density of fluid at time t and point the unknown u = (u^, • • • , u'^) is a time dependent 
vector field on which represents the velocity of a particule of fluid located at position x 
and time t and H is a function from [0, T] x to M which represents the pressure at point x 
and time t which ensures the incompressibility of the fluid. The choice of as a domain is 
a real simplification because as we shall see later on the pressure is uniquely determined by 
the divergence free condition on the vector field u (the case of periodic boundary condition 
i.e. the flat torus as a domain also works). 

Let us notice that in the case when po = 1, the system (INSdD) turns out to be the 
homogeneous incompressible Navier-Stokes system. We have to keep in mind that the system 
of (INSdD) is more complex than this one. 

This system (INSdD) can be used as a model to describe a fluid that is incompressible 
but has nonconstant density. Basic examples are mixture of incompressible and non reactant 
flows, flows with complex structure (e.g. blood flow or model of rivers), fluids containing a 
melted substance, etc. 
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First of all, this equation satisfies some a priori estimates. Let us first study the a priori 
estimate on the density. It is classical to consider the density p as a perturbation of the 
homogeneous density arbitrarily chosen to be equal to 1. Let us introduce the notation 

def 

Q = p-1 

which will be used all along this text. 

This system has three major basic features. First of all, the incompressibility expressed 
by the fact that the vector field u is divergence free gives 

(1.1) Vp G [l,oo], ||£<(t)||LP = ||£>o||l!> and ||p(t)||L-> = UpoIIl”- 

Moreover, the second equation of (INSdD), called the momentum equation, implies a control 
of the total kinetic energy which is formally expressed by 

(1.2) I- f p{t,x)\u{t,x)fdx+ f \\Vu{t')\\l 2 dt' = I- f po{x)\uo{x)fdx. 

^ Jmd Jo ^ 

This third basic feature is the scaling invariance. Indeed, if {p, u, 11) is a solution of (INSdD) 

on [0,r] X then {p,u,ir)x defined by 

(1.3) (p, u, n)A(t, x) (p(A^t, Ax), Xu{X‘^t, Ax), A^n(A^t, Ax)) 

is also a solution of (INSdD) on [0, A“^T] X This leads to the notion of critical regularity. 

Based on the energy estimate (1.2), J. Simon constructed in [31] global weak solutions of 
(INSdD) with finite energy (see also the book by P.-L. Lions [24] for the variable viscosity 
case). 

In the case of smooth data with no vacuum, Ladyvzenskaja and Solonnikov first addressed 
in [23] the question of unique solvability of (INSdD). More precisely, they considered the 
system (INSdD) in a bounded domain D with homogeneous Dirichlet boundary condition 

for u. Under the assumptions that uq G W p’^(D) (p > d) is divergence free and vanishes 
on dQ and that po belongs to C'^(D) is bounded away from zero, then they proved in [23]: 

• the global well-posedness in dimension d = 2; 

• the local well-posedness in dimension d = 3; 

<2 _^ ^ 

• the global well-posedness if in addition uq is small in W p’^(D). 

More recently, M. Paicu, Z. Zhang and the second author proved in [27] the following 
well-posedness result for (INS3D) with small data. 

Theorem 1.1. Let us consider an initial data (po,uo) in L°°(R^) x Let us assume 

that for some positive constant Cq , 

Cq ^ < po{x) < Cq. 

Then there exists a constant £o > 0 depending only on Cq such that if ||uo||l 2 ||Viio II < £ 0 ; 
then the system (INS3D) has a unique global solution (p,u). 

Let us notice that smallness condition in Theorem 1.1 is scaling invariant. Moreover, the 
fact that in dimension two, the system (INS2D) is globally well-posed is related to the fact 
that in dimension two, the quantity 

i / p(t,x)\u(t,x)\^dx + [ \\Vu{t')\\l 2 dt' 

^ JrJ Jo 

is scaling invariant under the scaling transformation (1.3). 
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In this text, we shall consider slowly varying initial data i.e. a family of initial data of the 
form 

(1-4) {po,e,'n,uo^e,'n) =^(l + r?[?o]£,(bS]£,0)), 

where e and r/ are two positive real parameters, <Jo is a smooth function, and Uq is a smooth 
divergence free 2D vector field which depends on a real parameter z. All along this text, we 
use the notation, for a function / on 

[f]eixh,X 3 )^= f{xi„£X 3 ) with X = (xh, X 3 ) = (xi, X 2 , X 3 ). 

Here we are interested in the size of the initial data. We do not intent to solve (INS3D) 
for rough initial data but simply we want to exhibit a large class of initial data which are 
“large” in the sense that they do not satisfies any previous smallness hypothesis that ensures 
global existence of regular solutions. The main theorem of this text is the following. 

Theorem 1.2. Let us consider initial profiles ?o and Vq which are functions and vector fields 
in 5(M^) such that div^ Uq = 0 and such that for any z in M and any j in {1,2} 

(1.5) [ ,o{x^,z)vUxi,,z)dx^ = 0 and [ x,Ao(xh, ^)aS(xh, z) dxh = 0. 

Then there exists two positive constants rjQ and Sq which depend on norms of ?o and Vq such 
that if T] < r]Q and s < £q, the initial date defined hy (1.4) generates a unique global smooth 
solution of (INS3D). 


Let us make some comments about this theorem. Slowly varying data has been introduced 
by I. Gallagher and the first author in [ 8 ] in the case of homogenenous incompressible Navier- 
Stokes equations, i.e. the case when p = 1. The above theorem is proved in [ 8 ] in this case. 
The motivation of this work was to provide a large class of examples of initial data which are 
large (in the homogeneous incompressible Navier-Stokes, it means essentially that the 
norm of the initial data defined by 


( 1 . 6 ) 




t>o 


is large), which is the case here, because ||[no]e|| 5 -i has the same size as the profile Vq. 
The idea of the proof in [ 8 ] was to use that homogeneous 2D incompressible Navier-Stokes 
equation with initial data Vq(-,z) is globally well-posed and then to prove the real solution 
was close (in some appropriated way) to 

Slowly varying turns out to be a useful tool to study the set Q of initial data in the 
space id 2 (M^) which generates unique global smooth solutions to 3-D homogeneous Navier- 
Stokes system. Since the work in [22] by I. Gallagher, D. Iftimie and F. Planchon, it is known 
that this set is open and connected. In [10], I. Gallagher and the two authors used slowing 
varying initial data to prove that through each point of Q passes an uncountable number of 
arbitrarily long segments which are included in Q. 

The study of initial data in the homogeneous case as presented above can be qualified as 
“well-prepared” using the language of singular perturbation theory. The “ill-prepared” case 
has been studied by I. Gallagher, M. Paicu and the first author in [9]; they proved that the 
initial data 

(KI..1KI.) 
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generates a unique global smooth solution of the homogenous incompressible Navier-Stokes 
equation when the profile w is a divergence free vector field and which is small in a Banach 
space of analytic function with respect to the vertical variable. 

Let us see why the result of Theorem 1.2 is in some sense a “ill-prepared” result. In order 
to explain this, we recall the precise definition of the Besov norms from [5] for instance. 

Definition 1.1. Let us consider a smooth function (p on M, the support of which is included 
in [3/4, 8/3] such that 

Vt > 0, = 1 and xW 1 - ^G P([0,4/3]). 

jez j>o 

Let us define 

Aja = and Sja = I'~^{xi2~^\^\)a). 

Let (p, r) be in [1, -|-oo]^ and s in M. We define the Besov norm by 

We remark that in the particular case when p = r = 2, the Besov spaces Bp j. coincides 
with the classical homogeneous Sobolev spaces Lf^. 

The result of Theorem 1.2 is of “ill-prepared” type because of Inequality (1.8) and that in 
the case when {s,p,r) = (—l,oo,oo), it coincides with Definition (1.6). Yet we do not require 
any analytic assumption on the initial data. 

First of all, let us notice that if a divergence vector field the component of which are 
integrable is mean free. Thus, Hypothesis (1.5) implies in particular that 

(1.7) VzGM, [ {l + r]%{xh,z))vQ{x^,z)dxi, = 0. 

JR^ 

Let us notice that the hypothesis about the momentum of PoXg ensures in particular that (JoUq 

-L- 

belongs to the anisotropic space B 2 (see forthcoming Dehnition 2.1). Following observa¬ 
tions of the first author and 1. Gallagher in [8], it is easy to prove that 

(1-8) IINell .a ^ >e"^ and UNell .- 1+1 ^ 

BPi(r3) P(R3) 

All the well-posedness results of (INS3D) for small data requires that for p in ]1, 6[ 

llbolell -1+3 << 1 with or without p||[?o]e|| 2 << 1. 

4,1 ^P,i 

One may check the references [1, 2, 3, 4, 16, 17, 18, 19, 21, 26, 27, 28] for details. 

Let us also mention that M. Paicu and the two authors proved this theorem in [11] in the 
case when rj < with a > 

Let us complete this section by the notations of the paper: 

For a < 6, we mean that there is a uniform constant C, which may be different on different 
lines, such that a < Cb. We denote by (a|6)^,2 the L^(M'^) inner product of a and b. For X, Xi 
Banach spaces, T a positive real number and q in [1,-t-oo], we denote the norm || • [[xnAi = 
II • \\x + II • llxi and L^(X) for the set of measurable functions on [0,T] with values in X, such 
that 1 1 —)• ||/(t)||A' belongs to L'^([0,T]). We denote 

L^^iLliLD) = L4[0,T];L4R,,;L”(M,))) 

with Xh = (xi,X 2 ), and Vh = {dxj^,dx 2 ), Ah = Finally stands for Ah -|- s^d^, 

Ve for (Vh,e4), and ||/||xh for the X norm of / in the horizontal variable Xh. 



INHOMOGENEOUS INCOMPRESSIBLE VISCOUS FLOWS WITH SLOWLY VARIABLE 


5 


2. Structure and main ideas of the proof 


Because we shall consider seemingly perturbations of the reference density 1, it is natural 
to set 

def 1 . Q 

a = -1 = —-- 

P ^ + Q 

so that System (INSdD) translates into 


(INSdD) 


dta + u ■ Vo = 0, 

dtu + u ■ Vu — (1 + a) (An — VII) = 0, 
div n = 0, 

(a,n)|t=o = (ao,no). 


Even if our main motivation comes from dimension 3, we shall consider this system in 
both and In we use systematically the notation x = (xhjXs) and x = (xh,-2) in 
the case when z represents ex^. 

For proving Theorem 1.2, we follow the idea of [8], namely, using the fact that the two 
dimensional incompressible inhomogeneous Navier-Stokes system is globally well-posed. We 
shall construct the approximate solutions of (INS3D) with initial data slowly varying in 
one space variable in the following way. Let us denote by (a*^, II'^) the (global) solution 

of (INS2D) with initial data (ao(-, 5 ;), Uq (•, z)), that is 

dto^ -b = 0 , 

divhu'^ = 0, 

a'"|t=o = ao(a:h,5;), = I’d (a^h, ^), 


which can also be equivalently written as 

dtp^" -b . Vh/?*" = 0, 

dt{p^v^) + divh(p'"-u'" (g) -u'") - Ah'c'" -b Villi'" = 0, 

divh u'" = 0 , 

p\=o = 1 + ???o(a:h, z), ■u'"|i=o = Pq (xh, z). 


( 2 . 2 ) 


where p*" '=^ 


and oo = — - 


?o 


-rj. As in [8], we consider ([a [n'"]^) as the first 


1 + " 1 -b _ 

approximation of the solution to (INS3D) and let us write the solution as 

(a„ n,) = ([o'"],, i[v%,0), [n*"],) + Eibe,Re,^e)- 

It is easy to observe that 

dtRs + • ViiT?, + Re ■ V([u'"]s, 0) + eRs ■ VRe - (1 + a,) {ARe - VB,) = 


where the error term Ee is given by 

(2 3) e (^ ^ - Vhn*")]O) 

-£(1 + a,)([5>'"]„0) - (1 + a,)(0, [a.n*"],) - 6,([Ahu'" - Vhn'"]„0). 

At this stage, we need to define precisely the norms we shall use to measure the size of all the 
terms above. As already commented in the introduction, this point is crucial. Let us define 
the anisotropic Besov norms. 
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Definition 2.1. Let us consider two functions ip and x given by Definition 1.1 and let us 
define the operators of localization in horizontal and vertical frequencies by 

Ala = T-Hpi2-^\C^\)a), AJa = T-Hp{2-^\C\)a), 

Sla = .F-i(x(2-"|Ch|)a), SJa = D-^xi^-^KDa) 

Now let us define the norm we are going to use in this text. For p in [1, oo], and {s, s') in 
we define 

— 2^ 2, \\Aj^Aia\\LP- 

We shall also use the following norm on force f which involves the action of the heat Bow. 
Let p be in ]3,4[, and T a positive time, we deBne 

rt 


^p(T) 


del 


ed-'d^f{t’)dt’ 


X{T) 


with 


WfWxm =' 


L^iBp 


1 + ^ i + 

2 + P ’ P ^ 


|i +1193/11 4 

Ll(Bp 


LUBf^) " 2 + ^p) 


+ liv/ii ,1 + WdIfW , 

Dj.{BP p) L\.{Bp P ) 


for 6 e 0,1 — 3/p[. 


Let us make some comments about this definition. We first address that the norms of Bp" 
are homogeneous with respect to the vertical variable. More precisely, we have, for any real 
number s and any p in [1, oo]. 


(2.4) 

In particular, the norm 


II [« 




Bp^ 


is invariant under the vertical dilation. 


We now investigate the relation between L^ norm in time with value in some anisotropic 
Besov spaces and the norm Fp{T). For any p in [l,oo], and for any (a,/3) in such that 


cr j3 — — 1 4“ 


p 


a < —1 + 5 + 


and j3 < - 1 
P 


then we have 


(2-5) ll/l|j'p(T) < ^«,/3ll/llLl([0,r];B“’^)' 

We postpone its proof in the Appendix. 

We also use frequently some law of product in particular (see Lemma 2.3 of [11]) 


( 2 . 6 ) 


\ab\\ 


l+si-|,S2+'*2- 


< 




where the two sums si + and S 2 + s '2 are positive and si and (resp. S 2 and s' 2 ) are less 
than or equal to 2/p (resp. 1/p). 


Now let us analyze the constraints we have for the choice of norms for the different terms 
in the external force given by (2.3). For those which are purely of the form [f]e, there is 
in fact no choice. Indeed, since no negative power of e appears, the choice of norm to the 

space Bp ^ is mandatory. This space must be L^ in time because we want to be in 
in time because of the control of the transport equation. Then the scaling determines the 
index cr of the horizontal regularity. The space must be 
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Let us see whether the term which appears in (2.3) belongs to this space or not. Let 

us compute this horizontal pressure. Applying the horizontal divergence to the momentum 
equation of (2.2), we write that 

-AhH^ = divh(9i(/u*")) + divhdivh(/u*" 0 u^). 


Using the fact that is divergence free, we infer that for — 1, 


with 


'=^ ^ divh(9t(^*^u*^)) and LIq ^ divh(p*^u'^ <8) u*^) 


h def 


(2.7) 


It will be possible to prove that the term [S^IIgJe belongs to L^(M^;.62’^); this will be a 
consequence of Sections 3-5. On the other hand, it is not possible to prove that OJIl belongs 
to the Besov space i?2 1 horizontally. Indeed, it is equivalent to the fact that a homogeneous 
Fourier multiplier of order —1 applied to a product belongs to B 2 1 in the horizontal variable. 
The lowest possible regularity of a product is . But the space is included in ™ 

dimension two and even not in the homogeneous Sobolev space H~^. In order to bypass this 
difficulty, we introduce a correction term. In order to define it, let us consider the vector 
field z) the solution of 


( 2 . 8 ) 


dtiv^ - /\ewt = -Vhll^, 
dtwl - /^,wl = -e^d.ul + d,u 
divrce = 0 and We\t=o = 0- 


h 

L) 


Let us introduce the following Ansatz. We search the solution {as,U£,Ils) of (INS3D) of the 
form 


(2.9) 


{as,Ue,Ils) = ([a^] 


£) '^e,app: J-J-e,app 




j) + e{be,R£,Ils) with 


Kapp,n,,,pp) tf(([^;h]^^0),[ni'],) +£((£[«;,"]„ [R;3],),e[ni],). 

Then (i?^, VIIj) solves the system 

aNS3Dl + ^e:,app + Rg • Vllj^app T ^Re ' ^Re (f T ®£)(A7?£ Vlie) — Bej 

^ divi?£ = 0 and i?elt=o = 0. 

where the error term is given by 


( 2 . 10 ) 


def 1 


Be — (^i^£,app T Tlg^app ' ^Ttg^app (1 T ®£)(A'U£^app \^Il£,app)) • 


Of course the key point then is the estimate of this error term. Let us analyze it. First we 
write that 


Be = 


-^([dtv^ + • VV - (1 + a‘')(Ahu‘' - VhB*^)]^, o) 

+ • Vh{ew^,w^) +ew£ ■V{v^,0) Ee'^We ■ V(eu;^, tc^)]^ 

-e(l + a£)([5fu'"]£,0) - ^^([Ahu’^ - Vhn’^]£,0) 

+ [dtiew^,w^^) - A£{ew'^,w^) - eVsUl - (0,9^n^)]^ 
-a4A,(eR;,^R;3) - (0,9,ni^) - eV.n']^ - (O, [S^n^],). 
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By definition of and we can write 

4 

with 


( 2 . 11 ) 


Ee = Y.^e 
e=i 

El [v*" • Vh(erCg,rCg) - (0,411^) + £We ■ V(r;'",0) +£^We ■ V(et(;g,u;^)]^, 

El -e(l + Us) o), 

El -ae[Ae(et(;g,r(;£) - (0,5211’^) -eVell^]^ and 
i?," tf_64[Aht;^-Vhn^]„0). 

Let us remark that the term is ubiquitous in the error term even in because II^ 
depends on this vector field Thus the property of are crucial for the understanding of 
the error term E^. 

Section 3 is devoted to the systematic study of the time decay of This section is devoted 
to the 2D case and can be of independent interest. We generalize the decay in time estimates 
obtained in the case of homogeneous Navier-Stokes equation by M. Wiegner in [32] (see also 
the works [7], [20], [29], [30] and see [15] for the application of this method to a singular 
perturbation of the 2D Navier-Stokes system). We remark that to obtain this optimal time 
decay estimate for we need to use a completely new formulation (see (3.22) below) of the 
inhomogeneous Navier-Stokes system. 

As it can be observed in the term E^, we need in time estimate of term that involves 
second derivative of with respect to the vertical variable z. This is the purpose of Sections 4 
and 5. A first consequence of this study is the following proposition, the proof of which will 
be presented in Section 6. 

Proposition 2.1. Under the hypothesis of Theorem 1.2, we have 


lA. + 


'L 2 (R+;B 2 ’^) 


I 1 1 + [[Vu'^ll 1 1 




+ 


3 3 +\\d,n^ 




11 < Cq 


Here and in all that follows, we always denote Cq to be a positive constant which depends 
norms of the two profiles <Jo and Vq of the initial data and which may be changed from line 
to line. 

The estimate obtained in Sections 3, 4 and 5 allow to prove the following proposition. 
Proposition 2.2. Let (rce,!!^) be the solution of the System (2.8), then we have 


e||(et(;g,rcf)|| ii -|-[[(erj;)!,r(;£)|| ^i 


-F \\Vei£wl,w[ 


U(M.+ ;B2^) 

Moreover for any a in ]0,1[, we have 

||A£(eu;)l,rcf) -eV^n^ 


0,1. + l|Ve(eu>^,rc, 


LH 


< Cn. 


tA ^^ 0 - 




< CaCo. 

L 1 (R+;B 2 ) 


The proof of this proposition is the purpose of Section 7. 
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Using law of product (2.6), the above two propositions imply that 

(2.12) IIK^II oi <Co, 

which is the content of Corollary 7.1. 

The two terms E'^ and Ef are of a different nature. They contain of course terms which 
are rescaled functions of (a'^, II*^) and tCg multiplied by the function a^. Their control 

demands estimates on the function a^- This requires the following induction hypothesis. 

Let p be in ]3,4[ and TZq be a positive real number which will be chosen large enough later 
on, we define as 


(2.13) Tg = SUp|t < T* / ||i?e|| -1+2 1 + 2 1 ^ "^ol 

where T* denotes is the life span of the regular solution of (INS3D) associated with the 
initial data (l + ?7[?o]e, ([uqI^, 0)). Under the above induction hypothesis, the regularity of 
is controlled thanks to the following proposition. 


Proposition 2.3. Let {ue)e be a family of divergence free vector fields and uq a function 
in with derivatives also in . Let us consider the family (ag)^ of the solutions to 

(2.14) I ^ ^ 

i ae\t=o = [aoje- 

Then for any s in ]0,1 — l/p[, we have 

ll«e(^)ll +1 ^ IIooIIlp '’llVaollit'’exp(c' / Ue{t')dt'') with 

Ueit') = ||VhUg(t')||i;,oo + (t')llLoo + £||Vhtt£(t')||Loo. 


Proof. Let us change the variable by defining 


aeit,Xk,z) as(t,xi„ ^ and Us{t,xi„z) Xh, 


The transport equation (2.14) becomes 

/ T ^6 * ^— d; 


[ a|t=o — 0 , 0 - 

Let us remark that, because a^ is divergence free, we have UVagHioo ~ Us{t). It is well-known 
that isotropic Besov norms with index less than 1 are propagated by the Lipschitz norm of 
the convection velocity. More precisely (see for instance Theorem 3.14 of [5]), we have for s 
in ]0,1 - l/p[, 

llaf(t)ll . J.1 < llonll . J.1 expf'c' f \Wup(t')\\T,oodt''] 


< 

«0 .a+1 , 

exp( 





V 

< 

®0 .a+i 

exp( 





V 


As we have (see Lemma 4.3 of [14] for instance) 


kll +1 ^ Ikl 


1 ^ and llaoll .,+i < HaolliP 

b^ /(r3) ) 


1 |Vao||) 


the proposition is proved because jja 
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Under the induction hypothesis (2.13), we have the following corollary. 

Corollary 2.1. Let be the smooth enough solution of (INS3D) on the maximal 

time interval [0, T* [. Then for any s in ]0,1 — 1 /p[, a constant C exists such that, for any time t 
less than defined by (2.13), we have 

||a£(i)|| < Co^?exp(C'7^o). 

Bp ^ 

Proof. In view of (2.9), we have 

fu,(t’)dt' < [\\\Vv^{t')\\L^+e^VWe{t')\\L^ + \\VR,{t')\\L^)dt', 

Jo Jo 

which together with Propositions 2.1 and 2.2 ensures that 

u,{t')dt' < Co + no. 

Then applying Proposition 2.3, we conclude the proof of the corollary. □ 



With Corollary 2.1, we can establish the estimates of the terms E'^ and E^. Indeed for any 
p in ]3,4[, q G ]p/{p - 2),2p/{p - 1) [ and 6 m]l/q - 1/p, 1 - 3/p[, so that —l + 5 + l/p + 
2/q,l + 1/q — 1/p — 5 g] 0, 1[. Then it follows from (2.4) and Lemma 6.1 that 




e\\[d,v 


lUb~p 


. < 


1 

) 


L\,(Bj 

< 

Ce^-^~p\\d^v^\ 

1 



L\(B, 


Applying the law of product (2.6), gives 




e\\ae[d/v%\\ -i+s+3._s <Cs r||a£|| 21 

LfiBp ) L^iBf’n 


_l+i+i+2 i+l_l_5 . 

' p ' q' ' q p \ 

Q ) 




Therefore, thanks to (6.10) of Lemma 6.3 and Corollary 2.1, we conclude 
(2.15) \\eI\\ _i+ 5+3,_5 < exp(C'7^o). 

Lf(Bp p ) 

Similarly we deduce from the law of product (2.6) that 


as [A£(etCg, tCg) - (0,9^n'") - 






LTiBf ”) 


1 i 

P ’P > 


-eV,n^ 


- 1+3 i + ||<92n‘ 
LfiBp ^ n 


hi 


I -i+a i 
LfiBp ^ n 


which together with Propositions 2.2 and 2.1, and (6.4) ensures that 

(2.16) ll-®ell - 1+21 < Cot]ex];>{Cno)■ 

LfiBp 

The term E/ is much more difficult to be treated. It is indeed here that we encounter the 
difficulty of our method (which comes from the framework of parabolic system) due to the 
transport equation. Let us investigate the equation on which is 

(2.17) dtbe + Ue ■ Vfeg + Re ■ V[a'^]£ + e[we ■ Va'"]^ = 0 with be\t=o = 0 - 
The control of be is given by the following proposition. 
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Proposition 2.4. Under the induction hypothesis (2.13), we can decompose be = be + be 
such that, for any p in ]3,4[, there holds, for any t less than Te, 


(2.18) 


\\bs{t)\\ 2 1 < Co??(l+ 7^o)(^)2 and 




(2.19) WbemLp < Coe'■^(l + 7^o)2(^). 

Let us notice that the norms of be grows in time. As we need in time control on the 
remainder term Re, it seems a disaster. In fact, it is compensated by the time decay of 
established in Section 3 to Section 5. The proof of this proposition is the purpose of Section 8. 
Then we can obtain the following estimate for + Ee'"^, 

(2.20) _i+2i <Co^?(l+7^o) and 


\e: 


'4,2 




I _i+i+3 ,5 < Cqe p(1+7?.o)^, 


which is the content of Corollary 8.1. 

Now we are in position to solve globally the coupled system (INS3D)e with (2.17). Let us 
think this system as a perturbation of a semi-linear parabolic system. We first compute VLt^. 
The point is that the resolution operator of the elliptic system 

div((l + a)Vn-/) =0 

can be written as 

An -|- div(aVn) = div / 

and then 

(2.21) (Id-Ma)Vn = VA-Miv/ with - VA-Miv(ac/) 

It is obvious that if a is a bounded function, the operator Ala is a bounded linear operator 
from (L^(M‘^))‘^ into itself and that 

ll-AdaffllLa < ||a||L°° Iblluz- 

Thus, if llallioo is less than 1, the operator Id—A4a is invertible on (L^(M^))‘^, and 

(2.22) Vn = (Id -Ma)"^ VA-i div /. 

This leads to the following definition of the modified Leray projection operator on divergence 
free vector field. 

Definition 2.2. Let a be a bounded function with the L°° norm of which is less than 1. We 
can define the modified Leray projection operator on divergence free vector fields associated 
with a (denoted Pa) by 

Pa / =V - (1 + a)(Id (VA-1 div /). 

Let us remark that it is a bounded operator on (L^(M'^))^ and that if the function a is 
identically equal to 0, then the operator Pa is the classical Leray projection operator on 
divergence free vector fields. 

Moreover, in the case when the L°° norm of is less than 1, the system (INS3D)e can be 
equivalently reformulated as 


(2.23) 


dtRe - ARe = Pae {tte^Re - div(? 


'£:,app 


div Rp = 0 and 


Re H“ Re ® ^£:,app ^Re ® 5 


^e ' vy «/£:^app 

Re\t=0 = 0. 


We shall conclude the proof of Theorem 1.2 in Section 9 by proving that the solution of 
the coupled system of Equations (2.17) and (2.23) is global provided that p and e are small 
enough. 
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3. Decay estimates for 2D flows 


In this section, we investigate the decay properties of the global regular solution (p, u, VII) 
of two dimensional incompressible inhomogeneous Navier-Stokes system (INS2D). 

In this section, we use the following notations: 

Eo{t) \\^pu{t)\\l, , E^{t) WVumh , E^it) W^pdMmh + llVnWIli^, 

E^{t) \\Vdtu{t)\\l, + E^t) + E 2 {t)\\Vp{t)\\l^, Ei =^Ei{Q), i = 0,1,2,3, 

C{Eq) is an increasing function of Eq, 
a<b a < C{Eo)b. 

Moreover, in this section, we denote vt '=^ dtv and we denote by x a generic point of The 
main result of this section is the following theorem. 

Theorem 3.1. Let us consider the smooth solution (p, tt,Vn) of (INS2D) associated with 
the initial data {po,uo). In addition we assume that 


(3.1) 


Uo=^ 


|x| \uo{x)\dx < oo. 


poUo{x)dx = 0, and 


I < Poi^) < I 


For any T greater than or equal Tq{pq,uo) with 


To{po,uo) =^max|^, ||£io|li2|, 

we have the following decay property for the total kinetic energy 

(3.2) hmh < Eo{t)-\ 

For higher order derivatives of u, we get for T large enough, 

(3.3) \\Vuit)h2 + \\uit)\\L^<EUt)f\ 

(3.4) \\dMt)h2 + ||V\(t )||^2 + \\VU{t)h2 < El{t)-\ 

(3.5) \\Vdtu{t)\\L 2 < El{t)f^ and ||V 3 u(t)||i 2 + ||V2n(t)||^2 < eI {t)f^ log(t)^, 


(3.6) ||Vn(t)||i«> < EtEi{t)-^logHt),. 

Here and in the rest of this section, we always denote 


def , 


def 


def , 


(r) (e + r), (t)^ = (t/T) and hrit) = h{t/T). 

3.1. Global energy estimates for the linearized system. Let (p, tt,Vn) be a global 
classical solution of (INS2D). We first consider some basic energy estimate for linearized 
equations of 2-D inhomogeneous incompressible Navier-Stokes system 

dtp + u-Vp = 0, 

pdtv + pu ■ Vv — Av -|- Vllt, = / + L(t)v, 
divtt = divu = 0, 
p\t=o = Po, T|t=o = ^^ 0 - 


(LINS2D) { 


• energy estimate 

If the operator L is such that ||L(t)||£(^ 2 ) belongs to L^(M'''), then by multiplying (LINS2D) 
by the quantity 


exp(-^ \\L{t')\\c{L^)dt' 
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reduces to the case when L{t) is a non positive operator in the sense that {L{t)v\v)i 2 is non 
positive. Then the operator L can be ignored in the energy estimates. We assume this from 
now on. 

We shall assume that all the vectors fields and functions are smooth in time with value in 
any Sobolev space. 

First of all, let us notice that the energy estimate, obtained by taking into account to the 
fact that the vector field u is divergence free, writes 

(3.7) < if\v)L^, 

By integration this gives 

h\Vpv{t)\\l2+ [ \\^v{t')\\l2dt' < h\^/pv{to)\\l2+ [ {f{t')\v{t'))L2 

^ Jto ^ Jto 

< l\\Vpv{to)\\l2+ [ \\^{t')\\^^\\^v{t')\\L2dt'. 

^ Jto y/P 

From this, we deduce that for any non negative to and any t greater than to 

(3-8) 2^\VP'^\\‘L°°{[to,t]-,L^) \\'^'>^{'t')\\'L2 dt'< \\^/pv{to)\\'j^2 + \\-^{t')\\j^2dt'^ ■ 

In particular, since (p, u, VII) is a classical solution of (INS2D), the above argument leads to 
(3.9) ^\\Vpu{t)\\l 2 +\\Vu{t')\\l 2 dt'= ^\\^u{to)\\l 2 foT 0<to<t, 

which implies in particular that 

(3-10) [ \\u{t')\\l4 dt’ < ||^^|li»([to,t];L2)||Vu|||2([t^^t].i2) < \\u{to)\\l 2 . 

Jto 

Moreover, the fact that the vector field u is divergence free implies that 

(3.11) min/)(t, x) = min/)o(a;) and VpG[l,oo], ||^(t)||LP = ||^o||lp- 

• The estimates for the hrst order derivatives 
The basic result is the following lemma. 

Lemma 3.1. Let p, u, v and f satisfy (LINS2D). Then for any non negative to and t with t 
greater than or equal to to, we have, 

l|Vu(t)|li2 + [\\\Vpdtv{t')\\l2 + \\vMt')\\l2 + ||vn„(t')|li2)dt' 

(3.12) 

< C'(||Vu(to)|li 2 + ||/(t0lli2dt') exp(C'||u(to)||i 2 ). 

Moreover some decay on Vv can be obtained through the following inequalities. If s is a 
positive real number, we have. 

(«>'l|V!.(t)lli> + ^'(«'>t(|I + \\^Mf)\\h + l|vn.((')|li,)*' 

<c({«„)?.||vu*o)li!. + 2'<<')r'llv!.(«')ili.|^ + 2*<<'>Tll/(Olli.<it') 

X exp(C'||u(to)||i 2 ), 


(3.13) 
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and 

(3.14) t\\Vv{t)\\l 2 < C(\\v{t/2)\\l2 \\f{t')\\hdt''^ exp(C||u(t/2)||^2). 

Proof. Multiplying the momentum part of (LINS2D) by vt and integrating the resulting 
equation over we obtain 

WVpvtWh + = -{pu- yv \ dtv )^2 + { f \ vt ) L ^- 

As p lies between 1/2 and 2, we get 

+ ~\Wv{t)\\l, < 4 ||(a-V«)(()|li. + 4 ||/(()|li,. 

It is important now to make precise the idea in the framework of Stokes problem, one time 
derivative of v is equivalent to two space derivatives of v. Here, as the equation is nonlinear, 
the equivalent inequality will be nonlinear one. This is described by the following lemma. 


Lemma 3.2. Let (p, u, VH^) be a solution of (L1NS2D). Then we have, for any p in the 
interval ]1, oo[, 

||V^u||lp + IIVH^IIlp < C{^\\^/pvt\\LP + ll'^^lliap ||Vu||^2 + ||/||lp). 

In the case when p equals to 2, we have the opposite inequality 

\\y/pVt\\L2 < C'(||V^u|||2 + 1^11^4 ||Vu|||2 + 11/1112)- 


Proof. Observing that 


(SSE) 


( —Av + VHt, = / — pdtv — pu ■ Vv, 
( div u = 0, 


we deduce from the classical estimate on Stokes operator that for any p in ]1, oo[ 
IIV^uIIlp + IIVH^IIlp <0(11/111,? + WpvtWiv + \\pu ■ Vv\\lp) 

<0(11/11 ^? + ||-v/PPi||lp + ||^t||L2p||Vu||2,2p). 


(3.15) 


By using the 2-D interpolation inequality that 

1 1 

(3-16) II«IIl2p(r 2) < Op||a||22(]g2)||Va||^p|,jg2), 

we get 

||V^i;||i,p + llVn^illi? < — ||V^u||i,p + 0(11/11^? + 11 11 Lp + II'*^IIl2p II Vu|| j;,2). 

This proves the first inequality. Because vt is divergence free, we get, by taking the scalar 
product of Vt with (SSE), that 

WVp'^tWh = (/| pi ) l 2 + {Av\dtv)L2 - {y/pu ■ Vv\y/pvt)^2 

< (v/2(||/||i2 + ||Aub2)+0||ub4||Vu|||2||V2u|||2)|IVP^'iy^ 

Holder inequalities implies that 

WVpvtWl^ < ^||^^^P^|li2 +0(11/11^2 + ||V2u||i2 +C'||u||i4||Vu|U2||V2u|U2). 

This leads to the second inequality and the lemma is proved. □ 
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Continuation of the proof of Lemma 3.1 Applying the above lemma in the case when p equals 
to 2, we obtain that 

(3.17) |l|Vu(t)||i. + W^pvtWl, + ^(liv^ulli. + livn^lli,) < C{\\f\\l, + ||u||i4||Vu||i.). 

Gronwall lemma implies that, for any non negative to and t such that t is greater than or 
equal to to, 

iivu(t)iii.+ l^\\\vpvt{t’)\\i, + ^wvMt'nh + ^\m,{t')\\h)dt' 

< c(||Vu(to)||i2 \\f{t')\\l 2 dt'^ex.p(c \\u{t')\\lidt''^ 

which together with (3.10) implies (3.12). 

Let us prove (3.13). For any positive s, by multiplying (t)^ to (3.17), we get 

— ((t)f.||Vu(t)|||2) + {t)T{\\VP^tV\\‘j^2 + ||V^u|||2 + ||vn„|||2) 

< ciitmnh + ii-iii.wiiiviiii,+i(«)r‘iivi'iii,). 

Applying Gronwall’s Lemma and using (3.10) leads to (3.13). 

Similarly from Inequality (3.17), we deduce that for any non-negative to and t such that t 
is greater than or equal to to, 

^{{t-to)\\^v{t)\\l 2 ) = \\^v{t)\\l 2 + {t-to)^\\Vv{t)\\l 2 

< iivu(t)iii2 + (t- tornrnh + \HmUt- io)iivu(t)iii2. 

Applying Gronwall’s inequality yields 

(t-to)||Vu(f)||^2 < [ {\\Vv{t')\\l 2 + {t'-to)\\f{t')\\l 2 )dt'exp(c [ ||u(t')|li4 dt'), 

Jto ^ Jto '' 

which together the energy estimate on v, namely Inequality (3.8), ensures 

{t-to)\\Vv{t)\\l 2 <(^\\v{to)\\l 2 + \\f{t')\\L 2 dt''j + {t'-to)\\f{t')\\l 2 dt''^ 

xexp^C^ \\u{t')\\^ 4 , dt''^. 

Taking to equal to t/2 in the above inequality gives 
t\\^v{t)\\l 2 <(^\\v{t/ 2 )\\l 2 

This together with (3.10) concludes the proof of (3.14). □ 

3.2. Sharp decay estimates. The purpose of this subsection is to prove the following 
proposition. 

Proposition 3.1. LetTo{po,uo) he given by Theorem 3.1 and Ti{po,uo) =^max{To, E'o/.E'i}- 
Then under the assumptions of Theorem 3.1, there holds (3.2) for T > Tq. And for T > Ti, 
we have following decay estimate 

(3.18) 


l|Vu(t)||i2<i^i(t);3. 
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Proof. It is based on the method introduced by M. Wiegner in [32] in order to study the decay 
of the energy of the classical Navier-Stokes system in two space dimension (see also [29, 30]). 
The idea is to use a cut off in the frequency space adapted to time. More precisely, let us 
consider a positive constant T (which can be understood as a scaling parameter which has 
the dimension of time), and g any positive real function defined on M"*" such that 

(3.19) {t) < with (r)*^^(e + T). 

Let us dehne 

(3.20) ST{t)=^{feR^ Vt\C\ < V2gT{t)} and Ub(t) =^"1 • 

Here we adapt this method to the inhomogenenous case through the following lemma. 
Lemma 3.3. Let {p,u,v) solve {LINS2D). Then we have 

+ ^stimvpvmh < 

Proof. As v{t) — v\,{t) and v\,{t) are orthogonal in all Sobolev spaces, we get in particular that 

l|Vu(f)lli. = llVi;,(t)lli. + llV(u(f)-i;,(t))lli.. 

By defintion of 5r(t) and again by the orthogonality between v{t) — v\,{t) and we get 

\\^{v{t) -v\,{t))\\l 2 > ^9Ut)\\v(.t) - v\,{t)\\l 2 

> ^9Ui)\\v{t)\\l2 - ^9T{t)\h{t)\\l2. 

As p{t,x) is less than or equal to 2, the energy estimate (3.7) implies the lemma. □ 

The interest of this lemma is that the term on the left is typically a term that creates 

decay. Of course, the control of the term v\, associated with (very) low frequencies is the term 
that tends to prevent the decay. It must be estimated in a careful way. Writing a general 
theory with external force seems too ambitious. We are going to restrict ourselves to two 
cases: the case when u = v and / = 0, namely, the case of solution of (INS2D), and later on 
the case of a family of solution v^{-,z) of (INS2D) where z is a real parameter and then v 
represents derivatives of with respect to the parameter z. 

Lemma 3.4. Under the hypothesis of Proposition 3.1, we have, for any T greater than or 

equal to Tq, 

||^ib(^)llL2 < -^\\y/pu{t)\\'^^2 +CEQ{t)^‘^ 

a t jj.f V 2 / \ 2 

||v^ii(t')||L2—j + Cgx{t)yJ^ Il\/p^(^0lli2^j • 

Proof. It relies on the rewriting of the momentum equation of (INS2D) as 

(3.21) dfU — Au + Vn = —dt{gu) — div(^pu 0 u). 

If P denotes the Leray projection on divergence free vector fields on the above relation 
writes in term of Fourier transform 

e“(*“*')I^I^T'P(div(/9tt (g) u)) {t', ^) dt'. 


Jo 
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By integration by parts in time, we get that 


-e-^\^\"T¥{goUom - f ,0 dt'. 

Jo 


Let us notice that in the integral term, we exchange one time derivative for two space deriva¬ 
tives. This gives the following key formula 

(3.22) /■* o /■* o 

-|- / \^\'^TP{gu)(t'dt' — / TF{div{pu 0 u)){t',^) dt'. 

Jo Jo 

Because P decreases the modulus of the Fourier transform, we get for any t and 


(3.23) 


\u{t,Of < 2 e- 2 *l«l |j-(pono)(0| +2|.T(H(i,0| 


To estimate ||u[,(t)||i 2 , we have to integrate the above inequality over ST(t). In order to do 
it, we make pointwise estimates in the Fourier variable. 

First, let us observe that uq and thus belongs to \x\dx). Because of the fact 

that PqUq is mean free, we infer that 

l-^(/Oo^^o)(C)l < ICI ||^^-^(/Oo^^o)||l°° < ICI [poix)\uoix)\\x\dx. 

J 

By integration on St, this gives, because T is greater than Tq and ^^(r) < 3(t)“^, 


(3.24) 


' St (t) 


e-^^\^\"\j^{ponom\"dC<Ei{t) 


- 2 . 

T 


Let us observe that, thanks to (3.11), we get, for T greater than or equal to Tq 

|T'(£.u)(t', 0 | < \\Qit')\\L^\\u{t')\\L^ 

< ll^'o||L2||^^(i0llL2 <Tff\\u{t')\\L 2 . 

From this, we infer that, 

(3.25) ^ l«|-‘(^‘lU£'<‘)(*'.{)|*')"<<9l(<)(£ll\/7t.(*')llL»f()"- 

Along the same lines, we get that 

|T'(pu(8)w)(t',0| ^ WVP^it'Mlh- 

Thus we get 

(3.26) [ \^\‘^( [ \E{pu(E)u){t',^)\dt') d^ < g^{t)( [ \\y/pu{t')\\l 2 

JSrit) ^Jo ^ ^Jo 

Because of the hypothesis on po, we obviously have 

2\j^{gu){t,C)\‘^ d( < 4(27r)2||^||2^||^n(t)||^2 


^\2 
Y 


' Srit) 


< A{27rf\\go\\U\V^u{t)\\l2 < -{2Tf\\^pu{t)\\l2. 
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Together with estimates (3.24)-(3.26), we achieve the proof of the lemma. □ 

Continuation of the proof of Proposition 3.1. The above lemmas give immediately that 

(3.27) 


+ ^OTm^pumi. < ^Ei{t)f^ 


+\\vpu{t')h2^y+\\vp<c)\\i,^y 

G(r) =^exp(^^ g ‘^{ T ’) dT'y 


Let us define 
(3.28) 

The above formula writes after integration 


(3.29) 


C rtf' 

\\^pu{t)\\l,GT{t) -Eo< El y {tX^GTit') — 

+ gUt’)GTit') ||^/^n(^") IIl2 


dt'C 

Gdt' 

T / 

) Y 

dt'C 

Gdt' 

T / 

) Y 


Now we iterate this inequality several times to get the final decay estimates of u given by 
Proposition 3.1. Let us first choose the function g as 

5 '^(r) = 3 ((t) log(r)) ^ which gives G(r) = log^(r). 

Using that \\^/pu{t)\X is less than or equal to the initial energy Eq, Inequality (3.29) writes 

rt Jf! 

n\-l 


\\'/pu{t)\\h^og^{t)T - Eo < Eo{l + Eo) [ {t% 

Jo 


< 


Eo{l + £'o)log(t)y. 

We deduce that 

(3.30) Il\/^^(^)lli2 log^(t)y < Eq{1 + Eq). 

Now let us plug this estimate into Inequality (3.29) with the choice ^^(r) = which 

gives G{t) = (r). This leads to 




dt''\‘iM_ 

Y 

dt'G^dt' 


+"M |2 

Il 2 


Let us define V{t) ‘^^sup(||y^u(t')||^2(tOT)- 


t'<t 


V{t)-Eo < El 


H(t) 1 + 


y + ^o)^ ^ {t')^^HTit')Vit')^ with 

(^"(T')-hog-i(T')dr')'. 


As we have that H{t) < G{l + (r)^, log ^(t)^,), the function {t')^‘^HT{t') is integrable and 
then Gronwall lemma gives 

\\X^uit)\\l,{t),<CiEo)Eo. 
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Let US plug this estimate into (3.29) and choose (/^(r) = which gives G{t) = (r)^. We 

infer that 

ft f]fl ft fUl 

\\^pumUt)l - E, < El j^{t')-^—+C{E,)E, 

< C{Eo)EQ\og^{t),^. 

Finally resuming the above estimate into (3.29) once again with the choice 5^(r) = Q;(r)“^, 
for a g]2 , 3[ gives G(r) = (r)“ and 

rh' /■* dft 

\\^pnml2{t)%-Eo<El {tX-^—+C{Eo)Eo log5(t')^_ 

ft pf> 

+ C{Eo)Eo (t')r'log6(t')^—, 

which implies the Estimate (3.2). 

Let us prove (3.18). Applying (3.14) with v = u and / = 0, and Inequality (3.2), we get 

i||Vn(t)||i.<||u(t/2)||i. <Eo(t);2, 
which write, in the case when T is greater than Ti, 

Moreover, Inequality (3.12) implies that ||Vrt(t)||j;^2 < ||Vwo||r2 which proves (3.18). 


□ 


3.3. Decay estimates for the second and third derivatives of u. The main idea which 
seems to be the simplest one at the first glance consists in the differentiation of the momentum 
equation of (INS2D) with respect to the space variables and then trying to apply result of 
the previous subsections. Nevertheless for this particular system, this quite natural idea fails. 
The reason is due to the fact that term of the type Va,/? will appear in this process. Their 
control demands a control of the norm which is in time with value in Lip in space for 
the vector field u. This control cannot be assumed and has to be proved. The main idea to 
overcome this difficulty consists in differentiating the momentum equation of (INS2D) with 
respect to the time variable. As shown by Lemma 3.2, this represents the estimate of the 
second space derivatives of u. 

All the results of this subsection relies on the following lemma. 

Lemma 3.5. Let {p,u,v) solve (LINS2D). Then we have, for any positive constant T, 

^^Il^^'t(i)lli2 + ^\\'^vt\\l2 < ift\vt)L^ + CFfriu{t))\\y/^vt{t)\\l 2 +CE 2 ,T{u{t),v{t)) 
with 

Ei,t{u) ll^lli^ + :^||^i|li2 ||V^w||^2 and 

F2,t{u,v) ||Vn||i2||v2u||i2||Vu||i2||v2u||i2+C||tr||i2||Vu||i2||V\||i2+r||V2u||i2. 

Before applying and then proving this lemma, let us make some comments about it. First 
of all, the parameter T is a scaling parameter the role of which will appear in a while. 
Inequalities (3.10) and (3.12) implies that, for any positive t, 

foo llVTxftllP 

(3.31) Ffr{u{t))dt < \\u{t)\\l2 + C{Eo). 
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In the same spirit, it can easily be infered that, for any positive t, 

/ OO 

F- 2 ^T{u{t'),v{t'))dt' < ||Vu||ioo([t_o^[.i2)||V2u||i2([t^oo[xK2) 

^ ll^’^llL°°([t,oo[;L 2 ) IIV 'P||/^ 2 ('[^^oo[xR^) 

+ C'll'*^llL°°([t,00[;L2)||Vp||^ooQj^00[.£,2)||V '*^lli2([^^Oo[xR2) +7~||V 'y|li2Qj^Oo[x]R2). 
Inequality (3.12) implies that for any positive t, 

/*00 POO 

/ F 2 ,T{u{t'),v{t'))dt' < {\\Vv{t)\\l, + / ||/(t0lli2 dt') 

Jt Jt 

X {\\vuit)\\l, + \\uit)h4^uit)\\l,+r). 

Let us establish now the following corollary. 


(3.32) 


Corollary 3.1. Let (p, u, VII) be a smooth enough solution of (INS2D), then we have for 
any positive to and any t greater than or equal to to, 

\\ 4 put{t)\\l, + ||v 2 u(t)|| 2 , + ||vn(t)||i2 + r ||Vut(t')|li2dt' < E2{to). 

Jto 

Proof. Let us apply Lemma 3.5 with u = v and / = 0. This gives 

—iin/p-.wiiP + jiiv»,{()iii> < cF,,T{u{tmvpu,mh + cF2,r(u((),u(«)) 

+ C\\Vut{t)\\L2\\Vu{t)\\L2\\y/pUt{t)\\L2. 

Using the convexity inequality, this gives 

(3.33) ^\\VpMt)\\h + Il'^^^tlli 2 < h,T{u{t))\\VpMt)\\l 2 + F 2 ,r{u{t),u{t)). 

with Fi^r{w) '^= Fi^r{w) + \\Vw\\\ 2 - Then Gronwall lemma implies that for any positive to 
and any t greater than or equal to to, 

\WMt)\?L^ + f ||V<.,(t')|l!2*' < (||^/p<.,(t„)||i2 +^“f2,t(u(('). «(*'))*') 

X expi^J FpT.{u{t'))dt'f 

Inequalities (3.9), (3.31) and (3.32) applied with u = v gives 

\\4~p^tml^ + f \\vu,{t')\\hdt' 

Jto 

< (ll^^^^^(^o)lli2 + (1 + i|u(to)llL2)i|vu(to)iii2(iivu(to)iii2 +r)) 

X expire (^11 Vp^^(to)||i 2 + lk(to)|li 2 + ^^^" C(^o))). 

Choosing T = ||Vu(to)||^2 ensures 

\\4~Pum\l^ + f \\^nt{t')\\hdt' <E2{to), 

Jto 

which together with the first inequality of Lemma 3.2 implies 

\\VMt)\\L^ + l|vn(f)||^2 < \\ut{t)h2 + ||n(t)b2||Vu(f)||i2 < Eiito). 
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This finishes the proof of the corollary. □ 

Proof of Lemma 3.5 By applying dt to the the momentum part of (LINS2D), we obtain 

(3.34) pvt +pu-Vvt-/S.vt + Vdtliv = Jt with Jt‘^= -ptVt - ptu-Vv - put-Vv + ft- 

Now let us observe that as p is transported by the flow of u, we have pt = — div{pu). Thus 
the new external force becomes 

ft = diY{pu)vt + diY{pu)u ■ Vv — put ■ Vv + ft. 

Applying the basic energy estimate (3.7), we get 


1^ 
2 dt 


WVpVtWh + \\^ Vt \\ l 2 = { ft \ vt ) L ^- 


The key point consists in estimating the term {ft\vt)L^. It follows by integration by parts that 

5 


(/i|^'i)L2 

= 

ift\vt)L-^+'^£i{t) with 
i=l 

Slit) 

(tef 

—2{pu 

■ Vvt\vt)L2 

£2it) 

def 

-{p{u 

■ Vu) ■ Vv\vt )^2 

£4t) 

def 

-{p{u 

(g) u) : vt)L 2 

£4t) 

def 

-{pu- 

Vv\u ■ Vvt)L 2 and 

£bit) 

(tef 

-{put 

• yv\vt)L^ . 


(3.35) 


By using the 2-D interpolation inequality (3.16), we get 

l^l(^)l S\u\\L4'^Vt\\L2\\vt\\Li 

(3.36) 3 1 

<\\^vt\\l2\\u\\L4vt\\l2 < e||Vi;t||^2 + C'e||tt||^41 

Using again 2-D interpolation inequality (3.16) yields 

\£2{t)\ < ||H||L4||Vn||i4||Vu||i4||Ui||i4 

Holder inequality implies that 

(3.37) £:2(t) <e||Vi;t||i2+C,||u||^4||ut||i2+C,||Vu||i2||V\||i2||Vi;||i2||v2i;||i2. 
Using the 2-D interpolation inequality 


2 

L2- 


(3.38) 
we get 

(3.39) 


< 




T 


|^^3(t)| <l|w|li-l|V^i;||i2||i;t||i2 


<||V^i;b2||«||^2||V^u||i2||u,||^2<r||V^i;||i2 + :^||u||i2||V^n||i2||iY||i2. 


Similarly using again 2-D interpolation inequality (3.38) , we get 

444 <ll^lli-l|Vu||L2||Vi;t||L2 

<e\\Vvt\\l2 + C4u\\l2\\VMl4^v\\h- 


(3.40) 
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In order to estimate we use (3.16) which gives 

Together with Inequalities (3.36)“(3.40), this yields Lemma 3.5. □ 

Now let us investigate the decay properties of the second order space derivatives or of one 
time derivative of u. They are describe by the following proposition. 

Proposition 3.2. For any T greater than or equal to T 2 (po,uo) maxjTi, £'2/£'i} and 
under the assumptions of Theorem 3.1, Inequality (3.4) holds. 


Proof. We follow the same lines as the proof of Inequality (3.14) with the following computa¬ 
tions. Using Relation (3.33), we get that for any positive to and t such that t is greater than 
or equal to to, 

- to)\\^fput{t)\\l2) + {t- to)\\Vut\\l2 < \\Vput{t)\\l2 

+ FyT{uit))it - to)\\y/pUt{t)\\l 2 + {t- to)F2^r{u{t),Ht))- 
Gronwall lemma along with (3.9) and (3.31) implies that 


[t - to)\\^/put{t)\\l2 


(3.41) 


'*0 


\\^/put{t')\\l 2 dt' + / {t'-to)F 2 pr{u{t'),u{t'))dt' 


'to 


X exp \\^/pu{to)\\L 2 + \\u{to)\\L 2 + 


||Vu(to)|| 


L2 


r 


It follows from (3.32) that 


ho 




ho 


< t{\\Vu{to)\\l 2 +r)\\Vu{to)\\l 2 . 

Resuming the above estimates into (3.41) and choosing T = ||Vu(to)|li2 yields 

(t - to)\\^ut{t)\\l2 < ||Vu(to)|li2 +t||Vii(to)|li2. 

Taking to equals to | in the above inequality, then Inequality (3.18) of Proposition 3.1 
ensures that 

T 1 

It' 

Using Corollary 3.1, we infer that for t >T 2 

(3.42) WVPUtmh < {E2 + Ej + E,/T){t)f^<E2{t)] 

While it follows from Lemma 3.2 that 


W^pumh < E,E^{t)f^+E't{ty^ 


/ T 


||V\(t)||^2 + \\VU{t)h2 < \\utit)h2 + Mt)h2\\Vu{t)\\l2, 

which together with Inequalities (3.2), (3.18) and (3.42) leads to Inequality (3.4). The propo¬ 
sition is proved. □ 


Corollary 3.2. 

(3.43) 

(3.44) 


Under the assumptions of Theorem 3.1, we have 




< 


E);Ef{t)T^ and 


\\Vu{t')\\L^dt' < (v^r)4(t);i + (v^r)4(t) 


-2 

T * 
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Moreover, we have the following estimates on the density. For any p in [2,oo], we have 


(3.45) 

l|Vp(t)||LP 

< 

Vpo LP, 

(3.46) 

llPtimir 

< 

||Vpo||lp44(^)tI 

(3.47) 

l|VV(t)llL2 

< 

rv_/ 

l2 + Vpo ^ 

(3.48) 

l|Vpt(t)||L2 

< 

rs-/ 

(4 ||v2po||L2 + llVpolU^ {eIt + 4)) {t)T^ 


Proof. Inequality (3.43) follows directly from Inequalities (3.2) and (3.4) and from the in¬ 
terpolation inequality (3.38). By using 2D interpolation inequality, we get, by applying 
Lemma 3.2 with p equal to 4, that 

||V«(t)||i^ < C\\Vu{t)\\l\\vMt)\\h 

< C||Vu(t)|||4(||^^t|||4+C||n|U8||Vz.(f)|||3). 

1 3 

Using that ||tt(t)||L8 < C'||tt(t)||^2 ||V«(t)|||^2; we infer that 

\\vu{t)u^<c\\vumi,\\vMt)\\Uvp^t\\U^^^^ 

Applying Holder inequality with respectively (|, f, |) and (f, j) gives 


+ 


\\Vu{t')\\L^dt' < 
\\Vu{f)\\l,df 


\\Vu{t')\\l,df 


/\4 


\uit')h2\\VMt')\\L^dt' 


A 4 


\vMt')\\UVpMt')\\ldt’ 


1 

4 

L2- 


\\Vut{t')\\hdt' 


which together with (3.9), (3.2)-(3.4) and Corollary 3.1 ensures (3.44). 

Inequality (3.45) comes simply from the density equation after differentiation which is 


(3.49) dtVp + u ■ Wp =—Vu ■ Vp. 

Gronwall lemma and (3.44) allows to conclude the estimate for Vp. For the inequality 
on pt, let us observe that, thanks to Inequalities (3.43) and (3.45), the transport equation 
implies that, 

||pt(t)||LP < \\uit)\\L^\\Vpit)\\Lr < ||Vpo||Lr 44WT". 
which is exactly the required inequality. In order to prove Inequality (3.47), let us differentiate 
twice the transport equation which gives 


(3.50) dtdjdkp + u ■ VdjdkP = —dku ■ Vdjp — dju ■ VdkP — djdku ■ Vp. 

Let us observe that 

\\dku{t) ■Vdjp{t)\\L 2 < ||Vn(t)||Loo||V^p(t)||i 2 and 

\\djdku{t) ■Vp{t)\\L2 < ||V2u(t)||i2||Vp(t)||i,oo, 

so that we obtain 

(3.51) ±\\V^p(t)h2 < 2||Vu(t)|U^||V2p(t)||L2 + ||V\(t)||i2||Vp(t)|U«>. 

Gronwall lemma along with Proposition 3.2 gives Inequality (3.47). Finally it follows from 
Inequality (3.49) that 

||Vpt(t)||i2 < ||u(t)|U^||V2p(t)||L2 + ||Vu(t)||i2||Vp(t)|U^. 

Then Inequality (3.48) follows from Inequalities (3.43), (3.47) and (3.18). □ 
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Let US remark that before Inequality (3.45), we never use any regularity property for the 
density p. From now on, we shall do it in order to estimate the third derivatives of the 
velocity held. 

def 

Proposition 3.3. For any T greater than or equal to T^^pqjUq) = m.ai<.{T 2 , E 2 /E^}, we have 
under the assumptions of Theorem 3.1, 

(3.52) \\Vut{t)\\l, + + ||VV(0lli2 + \\VdtU{f)\\l,)dt' < E^{t)-\ 

and for any nonnegative to and any t > to, 

(3.53) J\t%- {\\uu{t')\\l, + + \\VdtU{t')\\l,)dt' < (1 + T)(1 + \\Vpo\\lo.)Eo. 

Here and in all that follows, o_ denotes any number strictly less than 0. 


Proof. Relation (3.34) applies with v = u and / = 0 claims exactly that ut is a solution 
of (LINS2D) with the external force 

7 -ptut - Ptu ■ Vu - put ■ Vu. 

In order to apply Lemma 3.1, we have to estimate ||/(t)||L2. Holder inequality and interpo¬ 
lation inequality allow to write 

WfWh < 2\\pt\\U\ut\\h+2\\pt\\^^^^^^ 

^ ||/5t||i°o ||'Wt|li2 + ||Pt||i°o ||^^||i°o ||Vu||^2 + ||V«t||i2 ||ttt ||x,2 ||V^«||x,2 ||V«||i2. 
Using Corollary 3.2 and Proposition 3.2, we get 

(3 54 ) ~ \\Vpo\\lo.El{t)f^utml, 

+ ||vpolliooi^2(t);'^l|vu(t)||i2 + i^2(t);7lvni(t)iU2||vn(t)||i2. 


Cauchy-Schwarz inequality gives 

fwmwhdt' < \\Vpo\\lo.El{to)f^ [\\ut{t')\\l,dt' 

J to to 

+ llvpolliooS2(to);® f \\vuit')\\l,dt' 

Jto 

Applying (3.12) and Corollary 3.1 leads to 

(3.55) f wmwhdt' < (||Vpo||ioo4(^i +4) + 4)(io);® < Eo{to)f^. 

Jto 

Applying again (3.12) gives 


W^Mmh + / {\\Mt')\\h + + \\vdtU{t')\\l,)dt' 


(3.56) 


I to 


< 


\NMto)\\h+ / wmwhdt'. 


In particular, (3.55) and (3.56) ensure that 

(3.57) WVutmh < E 3 . 


to 
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While it follows from (3.14) and (3.55) that 

poo ^ 

mutimh < \\ut{t/ 2 )\\i,+t \\fit')\\i.dt' 

Jtl2 

< E 2 {t)-^ + Est{t)-^ 

which together with (3.57) implies that if T greater than or equal to E 2 /E 3 
WVutmh < m^AE3,E2/T){t)-^ + Es{t)-^ < Es{t)-\ 

Resuming the above estimate and (3.55) into (3.56) gives 

/ CXD 

{WMt'nh + I|v%(0lli2 + \\vdtU{t')\\l,)dt' < Es{t)-\ 

This proves Inequality (3.52). (3.52) together with (3.54) implies that 

\\m\h<{i + \\vpo\\io.)Es{t);'^. 

In order to prove (3.53), we apply (3.13) for any s less than 5 and v equal to ut to get 

< («o>i-iiv«,(«o)iii. + [‘{t'ffwmwi.df + f‘{t%-\NMt')\\h^. 

Jto Jto ^ 

which together with the fact that 

[\t’f-\\fit’)\\hdt' < {l + \\Vpo\\lo.)EsT and 

Jto 

j\t%-< E31'< E3 

leads to Estimate (3.53). This completes the proof of the proposition. □ 

Now let us translate the control of ||Vut(t)||^2 in term of control of ||V^u(f)||x,2. 

Proposition 3.4. Under the hypothesis of Theorem 3.1, for any T > T-^{pq, uq), we have 

(3.58) W^Mmh + l|V'n(t)||2, < (1 + \\Vpoh^)Es{t)-^log^{t)^ and 

(3.59) l|Vu(t)|U^ < {l + \\Vpo\\L2y^EfEl{t)-^logUt)r- 

Proof. By differentiation of the momentum equation of (INS2D) with respect to the space 
variables, we get, by using Leibnitz formula, that 

AdjU — cljVn = pdjUt + djput + djpu ■ Vu + pdjU ■ Vu + pu ■ VdjU. 

Applying Lemma 3.2 with v = djU and / = djput + djpu ■ Vu + pdjU ■ Vu gives 

\\Adjuh 2 + \\djVUh 2 < C{\\Vut\\L 2 + ||/||l 2 + ||u||i4||V2ub2). 

In view of Propositions 3.1 and 3.3, we infer that 

||A9,u(t)||^2 + ||a,Vn(t)||i 2 < El{t)fKE^El{t)fK\\f{t)h 2 

< El{t)f'^ + \\f{t)h 2 . 


(3.60) 
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Let US estimate ||/(t)||L2- We write that 

\\djpu ■Vu\\i 2 < \\Vp\\l^\\u\\l^\\Vu\\l 2 and 

• Vu||i2 < ||/)||Loo||Vu||i2||V\||i2. 

Applying Propositions 3.1 and 3.3, we infer that 

\\d,pu-Vuh2 + \\pd,u-Vuh2 < (||Vpo||l»44 

(3.61) j 

The linear term djput is more delicate to estimate. Let us write that, using Holder inequality 
and interpolation inequality, for any e in ]0,1[, 

\\djpUt\\L2 < ||V/3||^^||ut||^2 

< -llvpil . ||..,|lbl|Vu,|li?. 

6 L ^ ^ 

Using Propositions 3.2 and 3.3, and Estimates (3.45), we get that, for any e in ]0,1[, 
\\d,put\\L2 < (||Vpo|liocE2)t(||Vpo|li2E3)^(t);^ X \t)t 
By convexity inequality we get that for any e in ]0,1[, 

(||Vpo|lio.E2)t(||Vpo|li2E3)^ < ||Vpo||l-4 + IIVpoIIl^^ < (1 + ||Vpo||l2)e|. 

Thus, for any e in ]0,1[, 

(3.62) \\d,put\\L2 < (1 + ||Vpo||l2)4Wt^ X i(t)|. 

Choosing e equal to log“^(t)j, in (3.62), and then substituting the resulting inequality and 
Inequality (3.61) into (3.60) leads to (3.58). 

Finally (3.59) follows from interpolation inequality (3.38), and (3.18), (3.58). This finishes 
the proof of Proposition 3.4. □ 

By summarizing Propositions 3.1, 3.2, 3.3 and 3.4, we conclude the proof of Theorem 3.1. 


3.4. Decay of solutions to (2.2). Applying Theorem 3.1 to the System (2.2) leads to the 
following theorem; 


Theorem 3.2. Let (p'^, VhH'^) he the smooth solution of (2.2). Then under the assump¬ 
tions of Theorem 1.2, we have 

{t)\\v'^{t,-,z)\\Ll + (i)^(l|VhP^(L-,^)llL2 + ll^'^(L•,^)l|Lg“) 

+ (t)2(||uh(L., Z)||^2 + IIV^^L., z)||^2 + IIVhn^L ., Z)h2j 
+ (i)^iog"^t)(l|vgu^(L-,z)||i2 + ||v^n^(t,-,z)||i2) 

+ (t )^ II Vhu]"(L •, z) 11^2 + {tf log"5 (t) II Vhu’'(L ■,z)\\l^'^ < Coh{z), 


and 

(3.64) 


{\\d?v\t')\\l, + ||V2u,^t0lli2 + \\V^dtU\t')\\l,)dt' <Coh\z). 
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We also have 

(3.65) 

(3.66) 


<Cohiz) and 

+ {t)h\ptit,-,z)\\H3 <Co7]h{z). 

h h 

def 


Here and in what follows, we always denote — 1 and h{z) to he a generic positive 

function which belongs to n 

Proof. (3.63) and (3.64) follows directly from Theorem 3.1 and (3.53). In order to prove 
(3.65), we get by applying (3.63) and Theorem 3.14 of [5] that 

(3.67) II^>(t)||ic»(^3) < 11^011/73 expire f \\Vi,v^{t')\\jj 2 dt''^ <Coph{z). 

J 0 

Whereas we deduce from the momentum equation of (2.2) and the classical estimates on 
Stokes operator that 

||V^r;‘^(t)|L2 + ||Vj)ni'(t)|L2 < \\Vlip\^)it)h2 + ||V2(pV • 
which together with (3.63) and (3.67) ensures that 

(3.68) ||V^u’"(t)||i2 + ||Vj^n’^(t)||i2 < Co{h{z){t)-^ + ||V^p\^(t)||^2 + ||V^uJ"(f)||^2). 
Note that for any e in ]0,1[, we have 


ll^hAflLg ^ l|Vh/?^li ^irwiL2 


< 

rv-/ 


1 




h 

2 „h||l- 


.. ... ,, - ,, - ,1 v h'JtO \\t2 ■ 

e h h 

Applying (3.63), (3.67) and using a similar derivation of (3.62) gives 

llVhPVWILg < CQh{z){t)-i log(t). 

Resuming the above estimate into (3.68) and using (3.64), we infer (3.65). 

With (3.63) and (3.65), we deduce from Theorem 3.14 of [5] that 

(3.69) ||£i'"||ioo(j^4) < ||£<o||/74exp(^C'^ ||Vhu'"(t')ll/73dt') < Co??/i(^;)- 

Then by taking one more horizontal derivatives to (3.50) and using (3.63) and (3.69), we get 


livf.a,p‘{t)|| 


7-2 -- 

^h. — 


< o' 


ie»l|V^‘’(t)lli«+3||Vho''{t)||i»||Vj/(t)l|iH 


3 „h/ 


+ 3||vA(i)llL2||V^pnt)||r~ + ||V^unt)||L2||Vhp' 


72 „h 


3„,h/ 


< Coph{z){t) 2 . 

This together with (3.46) and (3.69) ensures (3.66). This finishes the proof of Theorem 3.2. 

□ 


4. Decay estimates of dzv^ 

In this section, we consider the family of solutions of (2.2), which depends smoothly on a 
real parameter denoted by z. We skip the proof of the fact that, if the initial data depends 
smoothly on the parameter z, so does the solution. We concentrate on decay estimates for 
the family dzV^ which we denote by and also dzP^ by p^. The purpose of this section is to 
prove that, under suitable hypothesis on the derivative of the family of initial data, has 
the same decay property as 
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Theorem 4.1. Under the assumptions of Theorem 1.2, One has 

(4.1) \\p^{t,-,z)\\H3 + {t)i\\dtp^{t,-,z)\\H 2 <Covh{z). 

h h 

Moreover, shares the same decay estimates of Inequalities (3.63) and (3.64) of Theorem 3.2. 

In view of Inequality(2.2), the quantity {p^,v^,Il!^) {dzP^,dzV^,dj^) satisfies the sys¬ 
tem in X 

+A ■ Viif'!: = —tiy Vhp‘', 

(D1INS2D) p‘’a<4’ + A‘’'Vt>.!;-Aj,5 + v,,n5 = /, + L(t)t,5, 

divh = 0, 

{pz,v^)\t=o = {pdz^o,dzVQ). 

/i = —p^v]^ — p^v^ ■ VhU*^ and L{t)w —p^w ■ VhU*^. 

Let us make some preliminary remarks about this system. First of all, we have that 

(4.2) ||L(t)||^(i2)<2||Vhu‘^(t)|U^. 

Thus thanks to (3.63), ||L(t)||£(-£, 2 ) is integrable on M^. According to the remark at the 
beginning of Section 3.1, we introduce 

T^(t) =^u^(t)exp(^-^ \\L{t')\\L-odt'y 

Then the energy estimate (3.7) gives 

Wllig + W^hV^Wll < {fl\v^)Ll- 

The external force fi contains term with pz. We want of course global estimate. But the 
control of U’ norm of demands the control of in which will be proved at 

the end. Thus we argue with a continuation argument. More precisely, all the inequalities 
that follows are valid for t less than defined by 

(4-3) T^ = sup{t / IIp^ || 2 ,cx,([ 0 _t];L 2 p|j;^oc.) < l}. 

The first step of the study is the proof that has the same decay property as for 
the norm. Then we apply energy estimates of Section 3.1 to get the decay of higher order 
derivatives. The decay of in norm is given by the following proposition. 

Proposition 4.1. Under the assumptions of Theorem 1.2, for t <T^, we have 

(4.4) 11 ^^ 2(^)1112 < Coh^{z){t)~^ and 

(4.5) \Nhv'^{t)\\l2 < Coh^{z){f)-^. 

h 

Proof. By the definition of /i given by (D1INS2D), and using Inequality (3.63) of Theo¬ 
rem 3.2, we get, for any t less than or equal to Tf, 

II/i(*)IIlJ < lloIXOIlij + l|A(()lli~l|Vkt.“(*)||i; <c„M2)(*)-". 


(4.6) 
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Then it follows from Inequality (3.8) that for any nonnegative to and any time t greater than 
or equal to to 

hi vT5lli„,|,/'l|Vh5!;(i')llL *' < IIV?5l“«o)llL+2(/‘||/i(«')llii;<itT 

(4.7) < ||^!;{to)||L+C„/.4(2)(f„)-2. 

h 

This gives the bound of \\^J^v^{t)\\i 2 . In order to derive the decay of the norm of we 
use Lemma 3.3 for T = 1, which gives that 




:7h~h7.M|2 


which yields 


(4.8) 5illV?‘'®.(<)lli;+5/(«)IIVp"®?(*)IIL<29"(i)l|5;,i(*)lli;+2!(-“(*) ^(*) 


-h~h/j.M |2 


'^h 8 


Then the main point is the estimate of II'P^want to prove that, if we have 
that g{T) ~ (r) ^ and (/(r) < a{T) ^ for a in ]1, 3[, 


l^>(<)llij < Coft"{z)((>-" + C„(t>-4( r ||^/b'“55(f')llL><i<' 




In order to prove this inequality, let us differentiate Identity (3.22) with respect to the 
parameter z and then multiplying the resulting inequality by exp^— J \\L{t')\\L°°dt''^. This 
gives 

5 

(4.10) |?^^(t,4)l < e-*l«‘>lVP(^^(Po^S))(4)| + |.TP(A^)(t,4)| + j;|h"£(t,eh)|, 


Vi(t,Ch) = .TP(p^u'^)(t,a), 

^2(t,4) re-('-'')i«‘'i'iehi'-^(A^)(t',4)di', 

Jo 

V3it,Ch) re-('-'')l«‘'l'|eh|'-^(/5M)(t',eh)dt', 

40 

V4{t,Ch) [ e-(‘-*')l«hP^p('(iiv(p^u^(g)u^))(t',4)(it' and 

40 

h"5(LCh) [ e-('-'')l«‘>l'.TP(div(p‘^(T^(»u‘^ + u‘^(»T^)))(f',eh)4t'. 

4o 

During all the estimates of the above terms, we shall use that the Leray projection operator 
on the divergence free vector fields P decreases the pointwise values of the Fourier transform. 
Following the lines for proving Inequality (3.24), we use that 

VzGM, / pov^{x\i, z)dx\i = Q and thus Vz G M , / dz{poVo){x\i, z)dx\i = t). 

4 r 2 4 k 2 
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This gives 

< l&l ll|a^l,|9,{«t'S)llli(Mj). 

Using Leibnitz formula in z, we infer that 

|e-t|«hlVp(9,(popS))(4)| <C/i|4l, 

where Ui |bo ||l 1 (r 2 .|^I^^) + ||l 1 (r 2 .|^I^^). And thus by integration on Si{t) given by 

Inequality (3.20), we get 

(4.11) [ l.TP(5,(/,o^^S))(a)|'da < 

JSi{t) 

It is obvious that 

(4.12) [ |jTP(£i'"T^)(t,4)|^d4 < ||£io||i-(27r)2||^*"T^(t)||22. 

JSlit) h 

Because t is less than Tf, we get, by using Cauchy-Schwartz inequality, that 

|r,(*.4)| < llpiVxOlli. < IkSlItjlloNOIlii; < lloNOIlii;. 

This gives, using Inequality (3.63) of Theorem 3.2 and Inequality (3.19) about g, 

(4.13) / |Ui(t,4)Pd4<Co/i2(^)(t)-='. 

Exactly like for Inequality (3.25), we get 

(4.14) / |V2(L^h)pda < ||Vp^T^(t')|lL2dt')'. 

^ Si (t) J 0 

Using that ||/ 0 ^(t)||r 2 is less than or equal to 1 and Inequality (3.63), we get 

■^h 

We infer that 

(4.15) f |U 3 (t,Ch)pd^h < Co/i^(^) / \^h\'^^og^{t)d^h <Coh^{z){t)~^\og^{t). 

Jsi(t) JSiit) 

Again as t is less than T^, we get, by using again Inequality (3.63), that 

|.FP(div(py ®u"))(t,^h)| < m\v\t)\\i,<coh^{z)\mr"- 

Then we infer that 

(4.16) / |U4(L4)Pdeh < Coh\z) [ I4p( < Coh\z){t)-^ . 

JSlit) JSlit) ^Jo '' 

We get, by using again Inequality (3.63), that 

|j^P(div(/>^(T^(8)u'" + u''(8)T^)))(t,^h)| < l^h|||^^''(^)|lL2 ||^^T^(t)||^2 

< Co(^)-l|4lll^/^''?^^(^')llL^ 

which implies 

(4.17) ^ |V5(U4)Pd4 < 
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By summing up Inequalities (4.10)-(4.17), we get Inequality (4.9). 
Then we infer from Inequalities (4.8) and (4.9) that 




(4.18) 




- 3 / f /+'\-l|| /::h~h/./\|| _ 


Let G(r) be given by (3.28). The above formula writes after integration 


(4.19) +Co l\t’)-^G{t’)[l^ ||Vp^T^(t")IL2dA')'dt' 

Taking ^^(r) = a(r)“^, for a in ]1,2[, gives G(r) = (r)". Then we get, by applying (4.7), 
that 


< IIVP(,<'I(o)IIL +c„h‘{z){tr-\ 


2/ 


which immediately implies 


And thus we have 


IIC?''®5(t)llL<Co/!"(2)((>-‘. 




<Coh{z){t')^^ and ^ {f) ^||^’"u^(t")||z,2dt" < Co/i(A- 
Then taking g^{T) = a(T)“^, for a in ]2,3[, in (4.19) gives rise to 

< iiv^o^"(o)iii, +coh\z){tr-\ 

h h 

which leads to (4.4). 

On the other hand, for any to > 0 and any time t > to, we get, by applying Lemma 3.1 
and using (4.6), that 


(4.20) 


l|VhS5(*)llB + 


+ l|v?,5ht')||L + ||Vin“(0||L \df 


h/+/M|2 \ i.f 


<G\\Vv^{to)\\l2+Coh\z){to)-^ 


(4.21) 


tWV^v^ml? < C7||T^(t/2)||2, +Coth\z){t)-^ 


Hence by virtue of (4.4) and (4.20), (4.21), we achieve (4.5). This completes the proof of the 
proposition. □ 


Proposition 4.2. Under the assumptions of Theorem 1.2, for t <T^, we have 

(4.22) \\dtv'^{t)\\Ll + l|Vh^'^(^)llL2 + l|Vhn^(AllL2 < Coh{z){t)-^ and 

(4.23) ||u^(AI|l- < Co/i(2;)(A"T 
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Proof. In order to study the decay of the second space derivatives of v^, we need to use 
Lemma 3.5, which gives 

+ jIAhAoillii < (dth\Stv'',)it - - Vhi'‘“),|8,t)|;),., 

(4.24) +CFi,r(A(())||\/tf 8 ,«‘(()lli= +CF 2 ,r{«N«), 

+C||v,,84X0llil|Vh<-f(«)lli,l|Vh»iX0llijllvV^88t(0llillv^*>f(*)lli^ 

h h ^ h h 


• The estimate of {dtfi\dtv'f)i 2 . 

Note that 

dth = -dtplv^ - - dtp^.v^ • Vhu*^ - • Vhu*^ - p\v^ • VhU,\ 

By virtue of the transport equation of (2.2), we get, by using integration by parts, that 
{dtp\v^\dtvf) 2 = -{d,d\YY,{p^v^)v^\dtvl) 2 

h h 

= • V^vf\dtvf)^2 + [dzip^"^) ® vf\V^dtv^)^2- 

■^h 

Then for t less than or equal to Tf, applying Holder’s inequality yields 




-h Ul'^hVi 11^2 llOfC^ 11^2 -r II VhOtU^llig 

which together with (3.16) and Young’s inequality ensures 

|(8ip!)!>l'|8(l'i')j^a| < s||Vh8,I)5|||j +Ce)(||A||L~ + || VhtiJlHi) ||8tli5|||2 + Huf |||j 

+(l|A||i» + ||!..;ili.)||Vk«f|||j + ||^5llij||VioJ||i,||«,»|li>l|Vhi'l“ 

Because of the induction hypothesis we get, for any positive e > 0, we have 

|(p‘8,V‘|8,oJ)ij| < IIpJII . ||8,V||ij||8,^J|| , 


< fllVh8,t^||^r||8,..5|lij||8,V||ij 

< ciiVk8,o‘ii;^r(t>-ii8ioiiit;lill||8^''ii«. 

he h 

Holder inequality implies that for any couple (e, e) of positive real numbers, we have 

\{p^d‘^Adtv^)Ll\ < 4^hdtv^\\l2+Ce(^{t)-^\\dtv^\\l2 + ^WdtV^Wl^Y 
Taking 2e = log“^(t) in the above inequality gives rise to 

(4.25) |(p58,V|8,t,!;)ij| < e||V,. 8,«5|||, +C({t)-2||8,«5|||, +log2{()||8?A|||,), 

Using again the transport equation of (2.2) and integration by parts, one has 
{dtp^v^ ■ Vhv^\dtv^)^2 = {dz{p\^) ■ Vhu'^ • '^hv^\dtv^)^2 

■^h ^h. 

+ {dz{p\'^) ■ (u’^ • '^h)'^hv^\dtv'f)j^2 + {dzip'^v'^) (8) (u*" • Vh)u’^|Vh9tu^)^2 • 
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It is easy observe that because of induction hypothesis (4.3), we have 

I {dz{p\^) ■ • Vi,v^\dtv^)^2 1 + I ■ {v^ ■ Vh)Vi,v^\dtv^)^2 \ 

■^h 

< (llAllif(IIVhAlUfllVhAllij + llAllif+ l|VhA||i»||t.5|li.)||9,i.;'|Uj 

and 

\{dz{p\^) (8) (u*" • Vh)u’^|Vh9tu^)^2| 

^ (ll^^‘'lli“l|VhP’"||l,2 + l|t’2llL2||^^‘'l|Lg°l|Vhu’"||L“)||Vh5tU^||i2. 
Hence by applying Young’s inequality, one has 

\{dtp'^v^ • Vhu'"|5tu^)^2| < 4^hdtv^\\l2+C{\\v^\\L^ + \\v^\\l2 + llVhu'^IU-)||9tu^||^2 
+ C\\v^\\l’^ (||Vhu'^|||oo ||VhU*^||^2 + ll'w'^lli” llVhu'^ 11 ^ 2 ) + C'||VhU*^|||c» ll'i’z 11^2 
+ (ll^h'^^zILg ||Vhu'^||^2 + ||u'’^|||oo||Vhu'’^||^2 + llViiu'^'llioollu^llig). 

Similarly, one has 

< E||Vh8,^illi;+C(||V,.!,>'||24||8,i4||L+||!,f||=4||vyi|i4), 

h h h h n 

and 

KpY■ Vhtj|'|8,i4)^j| < iip!;iiL»iiA||i~iiVkifiii2||8,ti‘iiiJ 

< C(||A||i»|| 8,4,‘||L + l|A||ij»||Vt!,f||L). 

This together with Theorem 3.2 and Proposition 4.1 ensures that 
\{dtfi\dtv\)L2\ < 3e||Vh9tu^||22 

(4-26) _ ,,, 3 „„ ... .,,_6 


+ Co[{t) 2 \\dtv^\\^ 2 ^ + h {z){t) ^+ log (t)||9iuj|^2 

• The estimate of {{p^v^ ■ ViiV^^)t\dtv^) j ^2 ■ 

It is easy to observe that 

Krfi'i-Vh'ti‘“|8,ti‘),.j| < ||pl“||LE"l|t>illi4||VhA||i4||84i)!;||ij 

< C||VuA||t2||8,'4'|||2+C||pi'||i„||'4'||i2||Vu'4'||t2^^ 

and 

\{p^dtv^ ■ Vi,v^\dtv'^)^ 2 ] < \\^hV^\\L^\\dtv^\\l2, 


and 


|(p''t'5 ■ VhtjflStulDjjl < ||p''||L~||ll5l|l4j|Vhtlj’||ls||8ni;’||l4 

< f||Vi.8<o‘||L +C||.,J||L||8,o‘|p^2 +C||V,.!,5||«||Vh«J‘f^2. 

h h h n h 

Then we infer from Theorem 3.2 and Proposition 4.1 that 

(4.27) \{{p\^ • Vhv%\dtv^)^2 \ < e\\Vi,dtv'^\\l2+Co{t)-^\dtv^\\l2+Coh^{z){t)~^^y 



34 


J.-Y. CHEMIN AND P. ZHANG 


• The closure of the energy estimate 

Applying Young’s inequality ensures that 

C||Vh9tu^|li2||VhUt^|||2||VhU2lL2||v^5tu^||22||v^Ut^|||2 

( 4 . 28 ) ^ h 

<e||Vh5tu,h||2,+C||VhU,"||2,||v^5*u,h||2,+C||VhU?||-||Vhuh^ 

h h h n n n 

Resuming the Estimates (4.26-4.28) into (4.24) leads to 


(4.29) dt 


\\V?'dtv^{t)\\l2 + \\^hdtv'^\\l2 <Co{{t) 2 + Fi^r{v'^{t)))\\y/p^dtv 


zy^jWLi 

h 


+ CF 2 ,riv +Coh\z){t) ^ -hClog^(t)||5/u‘"(t)||^2. 


Applying (3.31), (3.32) for u = v^, v = and f(t) = fi(t) and using (4.6) gives 
Fi^r{v^{t'))dt' < Co(^\\v'^{to)\\l 2 + \\VhV^{t)\\l 2 jT^ and 

[ F2,riv^it),v^it'))dt' < Co{\\VhV^{to)\\l2+h‘^iz){to)~^) 

Jto 

x({i + l|!>‘'((o)lli>)l|VhA((„)iii.+r), 

from which, Theorem 3.2, and taking T = ||Vu*^(to)||i ,2 in the above inequality, we infer 


Fi^'j-{v^{t'))dt' <Co and 


(4.30) 


F2,T(v^(t),v^(t'))dt' <Co/r^(z)(to)-"||Vhu"(to)|li2. 


Thanks to (4.30), we get, by applying Gronwall’s Lemma to (4.29), that for any nonnegative to 
and any t greater than or equal to to, 


(4.31) 


\\V^dtv^{t)\\l2 + / \\Vhdtv^{t')\\l2dt'<Coh^{z) / {t') ^dt' 


+ C log^{t')\\d‘fv^{t')\\l 2 dt'+Coh^{z){to) ^||Vhu'"(to)||i 2 . 


On the other hand, by multiplying Inequality (4.29) by t —to and then applying Gronwall’s 
Lemma, we obtain 

{t - to)\\y^dtv'^{t)\\l2 < f ||v^atu^(t')|li2dt'+Co/i^(z)(t-to)(to)"^||VhU^(to)|li2 


+ Coh‘^{z) / {t'-to){t') ^dt' + C / log^(t')(t'- ^o)||9^^^'’"(^0lli2d^^ 

Jto Jto 

Taking to equal to t/2 in the above inequality and using again (4.20), we obtain 
t\\^/^dtv^{t)\\l2 < Co(h^{z){t)-^ + {t)-^- j^^^{t'f-\\d‘^v^{t')\\\2dt''^, 
from which, (3.64) and (4.31), we conclude 


( 4 . 32 ) 


\\dtv^{t)\\Ll<Coh{z){t) 2. 
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On the other hand, it follows from Lemma 3.2 that 

llvMwili. + I|v,.n5(*)||ij < liaojwili, + ||A(()|lij||v,.o5(()|lij 

from which, (4.6) and (3.63), we deduce 

+ l|Vhn^(t)|li 2 < Coh{z){t)-\ 

Together with (4.32), this proves (4.22). 

Finally (4.23) follows from the interpolation Inequality (3.38), (4.4) and (4.22). This 
completes the proof of the proposition. □ 

Corollary 4.1. The time given by Relation (4.3) equals +oo, and there hold 

(4.33) ||Vh/9^(t)||iooni2 < Co? 7 h( 2 :) and ||5t/9^(t)||iooni2 < Cor//i( 2 :)(t)"i. 

Proof. It follows from the transport equation of (D1INS2D), (3.66) and (4.23) that 

\\Pzit)\\LlnL^ — \\9zPo{-, < CqI?. 

Therefore as long as rj is sufficiently small, we have 

\\Pzi^)\\L^{Ll)nL°° — 2 t ^ Ti ■ 

This in turn shows that Tf given by Relation (4.3) equals +oo. Moreover, there hold (4.4), 
(4.5) and (4.22) and (4.23) for any t < oo. Then we deduce from Lemma 3.2 and (D1INS2D) 
that 


II||l 4 + IIVhR^IlM < C|| {p'^dtv^ + pV • VhU^ + p^v]^ + 9 ^(pV) • Vhu '")||^4 


< C||5,u,"|L 4+ 11^1^11^4+ ||u*’ 


.(llVhU 


zWLt 


+ l|Vhw’'llL4) + ll^'^l|Lg°l|Vhw''|lL4), 
from which (3.16), (3.63) and Propositions 4.1 and 4.2, we infer 

I|vMIIl 4 + ||Vhnh||^4 < Co{h{z){t)-i + hkz){t)-^\\v^dtv^Jl,J, 
so that in view of (4.5) and (4.31), we conclude 


(4.34) 


l|Vh<ILi(Lo.) <C / ||VhU,"(tOll|2||V2u,nOll!4dt' 


<Co(^h{z) + hl{z) J {t') (e.)\\Vi^dtv^(t')\\l 2 dt''j <Coh{z). 

While by taking Vh to the transport equation of (D1INS2D), one has 
(4.35) • VhVhp^ = -VhU*^ • • VhVhp\ 

from which, we infer 

\\'^hP^it)\\LlnL'^ — (ll^2:VhPo(^^)|lL2nLg° + ll^h'l’^(i)|lLi(L”)||Vhp'^||i<x)(^2p|^c^) 

+ Ib^lll,i(L”)ll^hP*^llL“(L2nLg°)) exp(||Vhu'^||£,i(£,^)), 
which together with (3.65) and (4.23) ensures the first inequality of (4.33). 
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Finally it follows from the transport equation of (D1INS2D), (3.63) and (4.23) that 

\\dtp\{t)\\L2^^L^ < \\^hP^it)\\LlnL^\\v^ii)\\L^ + \\v^it)\\L^\\^hP^it)\\LlnL^ 

< Coph{z){t)~h 

This completes the proof of the Corollary. □ 

Proposition 4.3. Under the assumptions of Theorem 1.2, one has 

poo 

(4.36) + + 

h Jt h h h 

(4.37) {Wd^v^Wl, + WVidtv^Wl, + \\V^dtUX 2 )dt' < Coh\z), 

Jo h h h 

(4.38) ||V3uh(t)|Lg + < Coh{z){t)-\ log(t). 

Proof. In view of (D1INS2D), dtv^ is a solution of (LINS2D) with external force fi{t) given by 
flit) = -{p^v^ • VhU^ - ip^A)! - [pA • Vhu'^)* - (A^ • Vhu'')t, 

so that 

WIAWlI < WP^Wl^ i\\^hV^\\L^\\dA\\L2^ + ||i;^||L“||VhuJ'||L2) 

+ l|Pt'l|ig°(ll'y’"l|ig°l|Vh'y^|lL2 + lIPzIlL^IIVhu’^llig) 

+ \\P^\\L^{\\dtV^\\Ll + l|Vh^^’^IUsfll^t'llL2 + ||'y*"||L”||VhuJ"||i2) 

+ \\dtpl\\L^{A\\Ll + ll^^’'IUg°l|VhP’"||L2). 

Then from the estimates in the previous sections, we deduce that for any nonnegative to and 
any time t >to 

f WJiAWAt' < Coh\z){to)-^ + f WdAAAdt' < Coh\z){to)-\ 

Jto Jto 

where we used (3.52) in the last step. Then applying Lemma 3.1 gives 

poo 

Wv^dAmh + / {WdAAWh + \AAvA)\\ 12 + wv^dAAAhJdt' 

(4.39) Jto 

< ||Vh5tu^(to)||i2 +Co/^^(z)(^o)“^ 

h 

and 

poo ^ 

i||Vha,t.‘(t)|||, < ||9,..5(t/2)||'ij +1 / ||/,(t')|||jdt' < Coh\z){t)-\ 

This yields 

\\VY,dtvA)\\\2 <Coh^iz){tA. 

h 

Taking to equal to t in Inequality (4.39) and resuming the above estimate into the resulting 
inequality leads to Estimate (4.36). With this inequality and (3.64), we conclude the proof 
of (4.37) by applying (3.13) for s = 5_ and v = dA. 

In order to prove (4.38), we get, by differentiate (D1INS2D), that 

- djVhA = -djAdA) - djip^v"^ ■ VhU^) 

- dAA) - ApA • Vhp"') - dAA • Vh^;*^). 
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Applying Lemma 3.2 gives 

+ llv^n^iLg < \\v^p^dtv^h2 + Wv^p^Ahi + \\p''\\L^{\Ni.dtv^\\Li 

+ l|VhP^||L“||Vhi;^||i2 + \\v^\\l^\\VIv^\\l2^ + ||P2l|Lg°||V^i;*"||i2) 

+ l|Vhp’^||l,”(||'y'"||Lg°||VhU2||i2 + ||P2||Lg°||Vhu’"||i2) + ||VhP^||L“||u’^||L5y||Vht'’"||i2 
+ ll/5^IUsf(l|VhPt^||L2 + ||VhP’"||l,”||Vh'u'"||i2 + ||p’"||Lg°||Vhu’^||L2), 

from which and the previous decay estimates, we infer 

INlv^hi + Iiv^n^||i2 < \\v^p^dtv^h2 + Wv^p^Ahi +Coh{z){t)-l 

Yet along the same line to the proof of (3.62) and using (3.66), (4.33), we have 

l|Vh/9tu^(f)||i2 + ||VhP^u]"(t)||i 2 < Coh{z){t)-^ log(f). 

This proves Inequality (4.38) and finishes the proof of Proposition 4.3. □ 

Let us now turn to the proof of Theorem 4.1. 

Proof of Theorem 4-1- By summing up Propositions 4.1, 4.2 and 4.3, we conclude that v 
shares the same decay estimates of Inequalities (3.63) and (3.64). It remains to prove (4.1). 
Indeed by virtue of (3.65), Theorem 3.14 of [5] and the transport equation of (D1INS2D), 
we get 

Wp^Amnl <c(||5.po||h 3+ r(l|v,nt')llT-l|Vh/(0ll//3 
(4.40) V 7o ' " 

+ ||VhU,"(t')|lH3||Vh/9"(t')llL“)^^i') exp(c'||Vhu"||ii(j, 2 )) < Coph{z). 

Then by taking one more horizontal derivative to (4.35) and using (4.40), we infer 

livg«,p‘(t)iiii; < iit>‘(()ili»livi!p5(«)ilij + 2||VkA(()iii«iivi;p5(()iiij 

+ l|Vy(t)||i;||Vip5(t)l|l» + l|V?t..;(t)||ij||VkP»(t)||if 

+ 2||Vht.‘(f)|U»||vSp''(t)||i, + Ili.i’Wlli-llvg/wiii, 

h h 

< Coph{z){t)~T 

This together with Inequality (4.33) and (4.40) proves Estimate (4.1). □ 


5. Decay estimates of 


n“ 

225 -^-^22; 


Similar to Section 4, let us denote dfv^ by and also d^p^ by p^^ and dffU^ by 11 
*3 '' solves the system in M"*" x 

dtp\^ + ■ Vh/?L = -2^2 • Vh/?^ - 

p^dtv^^ + p\^ ■ + Vhll^^ = /2 + L{t)v 

divh = 0, 

ip^z,v^z)\t=o = 


Then {p^^,vl 
(D2INS2D) 


h 

22 • 


VhP^ 


*^22’ 


/2 = -p'fdtvf - dzip'fv'f) - dzipfv'^ • Vhu'") - p’fvf ■ Vhu*" - p%^ • VhU 


„h,.h 


h„.h 


„h,.h 


with 


and the linear operator L{t) is given by (D1INS2D). 

In this section, we basically follow the same line as that in Section 4 to derive the required 
decay estimates for the second derivatives of the family of solutions to (2.2) with respect to 
the parameter z. The main result can be listed as follows: 
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Theorem 5.1. Under the assumptions of Theorem 1.2, shares the same decay estimates 
of Inequalities (3.63) and (3.64). Moreover, there holds 

(5.1) IIpLWIIh2 + {t)h\dtP^M\\Hl < Cor]h{z). 

Again due to (4.2), as in Section 4, we introduce 

=^u^2(t)exp(^-^ \\L{t')\\L^dt'y 
Then the energy estimate (3.7) gives 

+ IIVh^Lllig ^ if2\v^z)Ll 

The external force /2 contains term with The global estimate demands the control 
of ^22 in L^(R'’'; L°°) which will be achieved hereafter. Thus we again argue with a continu¬ 
ation argument. More precisely, all the inequalities that follows are valid for t less than T 2 
defined by 

( 5 - 2 ) T2 = sup{f / ||/)^^||^ooQ0,t];L^nLg°) — l}- 

Next we decompose the proof of Theorem 5.1 into the following propositions: 


Proposition 5.1. Under the assumptions of Theorem 1.2, for t < T 2 , we have 

(5.3) l|l'L(*)llr2 < Cnh^{z){ty^. and 


( 5 . 4 ) l|Vht.L(t)ll|; < C„/i'"( 2 ){t) 


-3 


Proof. Note that for /2 given by (D2INS2D), we have 

||/2(t)||L2 < ||p'"||L”||P2||Lg°||VhU2||i2 \\p'f\\L'^{‘2\\dtV^\\L2 + ||P2||L“||Vhu'"||^2 

,h 


+ ||-v'"||L”||VhU^||x,2) -b ||pLllig°(lb?lll,2 -b ||t’’"||Lg°||Vhu’^||i2), 
from which, Theorem 3.2 and Theorem 4.1, we infer for t <Tf 

(5.5) \\f2{t)\\L2^<Coh{z){t)-‘^. 

Then we deduce from (3.8) that for any nonnegative to and any time t >to 

(5.6) |llv^n^2llioc([tg_t].i2) + [ llVhuLC^Olligdt'< ||\/?'uL(^o)|li2+Co/i^(^)(to)"^- 

^ ’ ’ Jto 

This gives the estimate of \\\/f^v^z(f)\\Ll- In order to the derive the decay of the norm 

/2 


of we use Lemma 3.3 for T = 1 to get 

(5.7) 14||^i>~k^(()ii|.+I/(()iivp“ffb(*)iii. <2!)"(()ii^.y()iiij+2<)-bt) 




it) 


Ll 


As in the proof of Proposition 4.1, it amounts to derive the estimate of \,it)\\L^, which we 
present as follows. We first get, by differentiating (3.22) twice with respect to the parameter z, 
that 

nL(t,Ch) = e-*l«l'.FP52(ponS)(4)--^92(A‘^)(t,4) 
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SO that along the same line to the proof of (4.8), we have 

^ 2||^o||L->27r||v^tl^Jli2 +C( [ \Fdl{pQV^)\^ 


'Si(t) 
„h „.h^|2^ 


+ 9*(‘)(^‘ liai(!>‘’5'')(<')lli; di')" + /(()(j(‘ ||aJ(A'‘’®U)(i')lli;<it')"). 

Similar to the estimate of (3.24), one has 

I \J"d'iipoVo)f dCh<Cg'^{t)([ Jx\\d'i{pov]l)\dx] . 

J S\ (t) J M 

It follows from (3.63) and Theorem 4.1 that 
(|-^(/5M)|^ + \^{p^zzV^)\^) 




<C52(t)(||p^(t)||2 ||p,\t)||2 +||pL(i)lli?ll^"(t)lli?) <Co/^"(^)5"(t)(i)-" 


and 




^h" "-^h 

rt 


< Co(^h{z)ln{t) + ||r;^^(t')||L2 dt'), 


and 


+ \\p^\\l^{\\v^\\li\\Vzz\\lI + \\Vz\\li))dt' 

< Co{h\z) + 

As a consequence, we obtain 

\\v^zp(t)\\l2 < 2\\go\\Loo2TT\\^V^,\\l2 


+ Co 9 '^{t)(h‘‘{z) + g‘‘{t)[ I \\vzz{t')\\Lldt'] +( / {t') ^Wv'^z''^' 


Resuming the above estimate into (5.7) and using (5.5), we conclude 




;;h~h 


-3 


+ Co{t) ||u^^(t')|lL2dt') +Co(t) {t') ^||u^^(t')|lL2dt') 


which is exactly the same as the Inequality (4.18). Hence by using (5.6) and a similar 
derivation of (4.4), we achieve (5.3). 
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On the other hand, it follows from (3.12) and (5.5) that for any nonnegative to and any 
time t >to 

l|Vk5t(*)lli; + f‘(\\aA(t')\\h + l|VgffL(*')lli; + 


(5,8) 


fto 


<\\Vi,v^^{to)\\l2+Coh‘^{z) j {t') ^dt'. 

Jto 

It follows from (3.14) that 

^l|Vh 5 t(*)lli; < +Cah‘(At f 

so that thanks to (5.3) and (5.8), we obtain (5.4). This completes the proof of the proposition. 

□ 


Proposition 5.2. Under the assumptions of Theorem 1.2, for t < , one has 

(5.8) Ptvtim'U + llvMUOIli; + l|VhnL(()llij < 

h h h 

(5.10) <Coh{z){t)-^ and ||VhP^JIii(i=o) < Co/i(z). 

Proof. We use again Lemma 3.5 to the System (D2INS2D) to get 

(5.11) +CFiMvHmV7^a,vlml,+CF2,T{v\t),vt(t)} 

+ C11 (t) 112211 (t) 11 ^211 (t) 11 ^211 (t) 11 ^211 (^) 11 12 • 

We first deal with the estimate of {dtf2\dtv^z)L^- It is easy to observe that 

dtf2 = -dtiptvt) - - dtiptv^ • Vhr;'^) 

- ‘^dtip'fv^ ■ - dtip^v^ ■ Vhr;^) - dtip'fv^ ■ 

By using the transport equation of (2.2) and integration by parts, we have 

idtp'fzv]^\ = {dUp'^v'^) • (pV) • 

from which and the known decay estimates, we infer 

\idtp'fzVt\dtV^,)L2j < \\p^\\L^\\v^z\\L‘^{\\^hVt\\Ll\\dtV^z\\L* + || |Il 4 || II Lg ) 

+ {WP^Wl^Wv^Wl^ + \\p^z\\L^\\v^\\L^){\\^hVt\\Ll\\dtV^z\\Ll + II llig || II Lg ) 

< |l|Vh8,^tllij + l(*)-"l|8«4lli. +Co'i"(2)(*)-®, 

It follows from a similar derivation of (4.25) that 

\{p^zzd!v^\dtv^z)Ll\ < |l|Vh5i^^Llli2 + ^(t)"^l|9t^^Llli2 +<^log^(t)ll^i^^^llL2- 

This gives 

\{dt{p^zVt)\dtv^z) lA ^ 4^hdtv^,\\l2 + {t)~‘^\\dtv^,\\l2 +Clog^{t)\\d‘^v^\\L2+Coh^{z){t)-^. 

h h h H 
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Similarly, thanks to (4.33) and (4.22), we have 


h h 

+C\og{tf\\d'jv^\\Li +Coh?{z){t)--‘- 


In order to deal with ■ Vhu'^)|9ii;^^) , 2 , we use the transport equation of (2.2) and 

integration by parts to get 

h h 

+ + {v^ ® u^) : (Vh ® V^V)\dtvt)L2^ 

- ((2^^^ • VhP^ + pL • VhP*")!;^ • 2 , 

h 

from which, (4.33) and the previous decay estimates, we deduce that for f < T 2 
\{dtp\,v^-V^v^\dtvt)L2^ < C'||i;^||i5^(||Vhi;^||i»(||VhU*^||i2 + Wv'^AlI + II^LIIlj) 

+ + ll^"llArl|Vh^;"|lLg||Vh5ti;,\|L2) 

< \{'t)~‘^\\dtvlzfL2 +e|l'^h9tu^^||^2 +CQh?{z){t)-^. 

It is easy observe that 

[p\z{vt ■ + v'^ • Vtvt )\dtv^,) 2 1 

h 

< llpi-llif (l|VhA||ij||i-|'||ij + lloNlif l|Vh«!“llij)l|8,illij 

Z h 


As a consequence, we obtain 

\{dt{p^zv'^ ■ ^hv'^)\dtv^,) 2 \ < {t)~^\\dtv^,\\l2 +e\\Vhdtv^,\\l2 + Coh^{z){t)-^. 

h h h 

Using again the previous decay estimates, we have 
\{dt{p'^V^ ■ Vi,v'^)\dtV^,) ^2j < (l|9tP^||L-||u^||L-||Vhu'"||i2 + ||p^||L“(||Vhu'"||i4||5tU^||i4 


< (t) ^\\dtv^J\l 2 +Coh^{z){t) ®. 

h 


Similarly, one has 

\{dt{p^v^ ■Vhv^)\dtv^,)^2\ < 


h 

'z 


L^\\v^\\l^\Ni.V^z\\lI + Wp'^zh^ilNl.V^WLtWvnLt 




.IIa? 


< {t)-^\\dtV^zz\\h+Coh\z){t) 


,.h ||2 


-6 
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and 

h 


and 

(5.12) 

Hence we achieve 

\{dtf2\dtv'^,,)L2 \ <2,£\\Vdtv'^,,\\\2 +C{t)-^\\dtv'^,,\\\2 

(5.13) I hi 

+ C\o^{t){\\diV^\\i ;2 + 115^^2 11 ^ 2 ) + Coh^{z){t) 2 . 

h h 

Substituting the Estimates (5.12), (5.13) and a similar version of (4.28) into (5.11) leads to 
, , i\\Vf^dtv^zit)\\li + \\^hdtv^J\l2 < + Fi^r{v^{t)))\\^dtv^,{t)\\l2 

(5 14 ) at h h h 

+ CF2,T{v^{t),v^^{t))+Coh^{z){t)-'-^ +Clog^{t){\\d^v^{t)\\l2 + \\dtV^{t)\\l2j, 

which is exactly the same as the Inequality (4.29). With this estimate, we only need to repeat 
the estimate of (4.22) to show (5.9). And the first inequality of (5.10) follows from (3.38), 
(5.3) and (5.9). 

In order to prove the second inequality of (5.10), we get, by applying Lemma 3.2 to 
(D2INS2D), that 

l|vM4*)lli* < c (||N/A8,t.t(t)lli4 + ll<'''(*)lli.l|Vi,^t(*)lli> + II/4 *)IIl;) ■ 

Notice that 

||/2(t)||L4 < ||p^||L-(||v^||L-||VhU^||i4 + ||u^J|i4||VhU^||L~ 

+ \\p^\\l^ {Wdtv^Wif^ + 21^2 IUg° l|Vh^'^|lL4 + IIu'^IIl- llVhU^ll^r) 

+ \\p^z\\L^{ht\\Ll + 

which together with the obtained decay estimates implies 

||/2(t)||L4 < Coh{z){t)-^. 

1 3 

Hence thanks to the 2-D interpolation inequality: ||u’^||r8 < ||u'^|| r 2 II Vhu’^H ^2 > ensures that 

\\^hV^z(.t)\\L^ < Co{h{z){t)-'^ + h^z){t)-^\\Vhdtv^^{t)\\l 2 j. 

Then repeating the proof of (4.34) leads to the second inequality of (5.10). The proof of the 
proposition is complete. □ 

Corollary 5.1. Under the assumptions of Theorem 1.2, T 2 given by Relation (5.2) is infinite 
and there holds (5.1). 


< 


(llplllif + Ilp‘lli»(l|v,,..i1li,|ia,i.l‘llij 

+ ll4lliE"l|Vh8tti!;|lLa))||8ii> 


22 IIZ/^ 


< {t)-^\\dtv^J\l2+Coh\z){t)-^ 


,.h ||2 


-6 


< 


(ll4lliE»llTllL;IIVhA||ij + ||/||i»||Vht.''|U»||8,..5.|li,) 

X llaTlIi; + ll4llL~llTllL(l|Vht.flli;l|8,..Lllt; 


< e||Vh< 9 tu,,J |^2 + (t) ^\\dtv^J\^2 +Coh {z){t) 


v-6 
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Proof. Indeed it follows from Theorem 3.1.4 of [5] and the transport equation of (D2INS2D) 
that 


\\o'lM\\Lr(Hi) < c(||8=^||„j+ r(||!.J(«')||i»||Vhp5{(')||«> 

^ 0 

+ i|Vip5(t')llL»l|v„t.J(t')llH. + ll4.(i')lkirl|VhP>“(t')llH» 

+ l|VkA(*')llLpl|Vhidu<')llH;)*') exp 
which together with (3.66) and (4.1) ensures that 

(5-15) \\p^zz{t)\\LlnL^ < CWp^.MWL^iHl) < Cor]h{z) < ^ for t< Tf, 

provided that t] is small enough. This in turn shows that Tf given by Relation (5.2) is infinite. 
Moreover, it follows from the transport equation of (D2INS2D) that 

\\dtp'^zit)\\Ll < ll^’"(^)llLr+ 2||u^(t)||ioo||Vh/9^(t)||i2 

+ \\v^zit)\\L^\\'^hp^{t)\\L 2 ^ <Cor]h{z){t)-^. 

Similarly, by taking one more horizontal derivative to the transport equation of (D2INS2D), 
we obtain 

lIVkAp^Wllij < l|vi;8L(«)llL> + l|VhA(i)||i»||Vipi.(()|lij 

+2||Vht.5wili»||Vhp5(t)||ij+2||i,‘(t)||i«||vSp5(t)||ij 

+l|Vk..L(i)llL>IIVi,8''(t)||i»+2||i,5.(t)||i«||vS/(t)||ij 

This together with (5.15) ensures (5.1). □ 

Finally let us turn to the decay estimates of the third derivatives. 

Proposition 5.3. Under the assumptions of Theorem 1.2, one has 

(5.16) l|Vt8,.4(<)llL < 

h 

roo 

(5.17) / (||5^,^||i2 + ||vM.lli 2 + ||Vh5tnL||i2)dt' < C^h\z){t)-\ 

(5.18) + < Coh\z), 

Jo h h h 

(5.19) \\^Rzit)\\Ll + \\^l^Ut)\\u < Coh{z){t)-hog{t). 

Proof. By virtue of (D2INS2D), is a solution of (LINS2D) with external force / 2 (t) 

given by 

hit) = -pfdtvf^ - ip^v% ■ - 2dtipfdtvf) - dtip^^v^) 

-dtdhp^.v^ • Vhu"^) - dtip^.v^, • VhU*^) - dtip\^, • VhU,^) - dtip^t • VhP"^), 
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SO that 


+ IlfSlIlf lAhSitlJllLj + ll'4lliE"IYh!>|'llLj) + l|p5l|L~(||8?tl!;ili; 

+ l|A||i~||Vk8,»5||ij+2||4>||i~||Vk,,|'||lj+2||Vio‘'||i.||8,i4|i. 

+ llVht.ilijIloHij) + llpLlli»(l|84’'llLi; + IIVh-fllLj 
+ l|VhA||i4||t,|‘||ij) + ||pl'||i»(||8,i4llii; + ll«'1lLf 
+ ll4llL^IYh4llL2 + 

+ l|8.8jllip(l|8.4llL> + IK'‘'llirl|Vh4llL> + 2|l4lliFl|Vhi'‘'llij) 
+ l|8.8Llli*{IK'l1li- + l|!>‘'llLpl|VhA||ij). 

Then according to the estimates in the previous sections, we deduce that 


L 


4 

h 


ll/(i')lli> <CoYW<i)-' +C||84‘’(t')ll'i; +C||8?4(i')lli.. 


which together with (3.52) and (4.36) ensures that for any nonnegative to and any time t >to 
(5.20) f \\f2{t')\\l,dt' <Coh\z){to)-\ 

Jto 

With (5.20), we repeat the proofs of (4.36) and (4.37) to get (5.16 - 5.18). We omit the 
details here. 

Finally in order to prove (5.19), we get, by differentiate the momentum equation of 
(D2INS2D) with respect to Xj, that 

^hdjv^, - = djip^dtv^^) + dj{p\'^ ■ VhU^) + 2dj{p%v^) + djip^^v]^) 

+ djdzip^v^ ■ Vhu'") + djip^v^ ■ Vhu’") + djip^v^ ■ V^v^) + dj{p\^^ ■ V^v^). 
Applying Lemma 3.2 gives 

IIV^Llli; + IIV^nLllij < ||V„/8,4 J|ij + ||Vtp58,4||ij + ||Vupi>f||ij 
+l|p'“lli»(l|Vh8,4jlij + 2||v„A||i,||Vi«‘,||i, + ||A||i»||v4LllLi; 

+l|Vhi4li; + Il4llif I|v44lli; + Il4jlirl|v?!.‘'|li;) + I|85 ||if(||V,.8,4|Ii» 

+3||Vh4lli;l|Vki'‘'||ij + lloNlif IIvMIIlj +2||i4lif l|vf,A||ij) 

+l|pLllir(l|Vh«fllij + I|V„0>'||4^ + ||A||i.||v4»|Uj) 

+ l|VhP*’||L“(|K'*'||/,“||Vb44||L2 + ||4lll.^lYh4’llL3 + 
+2||Vip‘||i~||4||i»||Vio>'||ij + ||VbpLllL*l|!>‘'llL.||VhA||ij, 
from which and the previous decay estimates and (5.1), we infer 

INlvlhi + llv^nLlLg < + \\V^p%v^\\l. + ||VhpL^?llL 2 +Coh(z)(t)-|. 

Then using (3.66), (4.1) and (5.1), we deduce (5.19) by repeating the proof of (3.62). This 
completes the proof of the proposition. □ 




INHOMOGENEOUS INCOMPRESSIBLE VISCOUS FLOWS WITH SLOWLY VARIABLE 


45 


By summing up Propositions 5.1, 5.2 and 5.3, and Corollary 5.1, we complete the proof of 
Theorem 5.1. 


6. Estimates of in terms of anisotropic Besov norms 

By summing up Theorems 3.2, 4.1 and 5.1, we conclude the following theorem concerning 
the decay estimates of solutions to (2.2). 

Theorem 6.1. Under the assumptions of Theorem 1.2, System (2.2) has a unique global 
solution (p*^, Villi'^) so that there hold 


e=o 


( 6 . 1 ) 


^({t)\\div^it,-,z)\\L2^ + (t)2(||Vh5fn^(t,-,z)||i2 + \\div^{t,-,z)\\L^) 

+ + \\vidiv'^{t,-,z)\\L2 + ||Vh9fn^(t,-,z)lli2) 

+ {t)hog-^{t){\\Vldiv^{t, ■, z)\\l 2 + ||V^ 5 fn^(t,-,2)11^2) 


+ {t) 2 \\Vhdiv]^{t,-,z)\\L 2 ^ + {tflog 2(t)||Vh5fn^(t,-,z)||L- <Coh{z) 


and 


(6,2) ^ / {tY- {ia^div\t')\\l, + («')lli. + \YiA8,a\t')\\y)dt' < Cah^(z). 

- In h h h 

d—n a U 


£=0 

We also have 


Yz)\\h^ + Wp^it, ■,z)\\fj3 + Wp^zi't, Yz)\\h^ 

+ + \\dzpUt,-,z)\\H^ + \\dlp^{t,-,z)\\jji) <Coph{z). 


(6.3) 

■ -[\\Pt\tr,z)h^^ .... 

Now we shall transform the above decay estimates of to the or in time estimate of 
the Besov norms to For the convenience of the readers, we recall the following anisotropic 
Bernstein type lemma from [13, 25]: 

Lemma 6.1. Let (resp. B^) a ball of (resp. Mv), and Ch (resp. C^) a ring of 

(resp. Mvj; let 1 < p 2 < Pi < 00 and 1 < (72 < < co- Then there holds: 

If the support of a is included in 2^Bh, then 

ll^h®llL[]l(L?l) - pi)) ||a||^P2(x,91). 

If the support of a is included in 2^Bzj, then 

If the support of a is included in 2^Ch, then 

llnll 1100 


|q:|=V h ^ V ) 


If the support of a is included in 2^Cy, then 


(lT) 


< 2 


-INuaN 
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In view of Definition 2.1, as a corollary of Lemma 6.1, we have the following inequality, 
if 1 < P2 < Pi, 


(6.4) 


_Li _Li ^ 

^ ^\P2 Pi/’ 2 \P2 Pi) ^P2 


-'Pi 


To consider the product of a distribution in the isotropic Soblev space with a distribution 
in the anisotropic Besov space, we need the following interpolation inequalities: 


Lemma 6.2. We have the following interpolation inequality for the L°° norm. 


(6.5) 


L-<||/P 1^2 lllVh/P. 1. 

'2~^P’P KtP’P 


Moreover, let 1 < q < p < oo, —2/q + 2/p < si < 1 — (2/q — 2/p) and S 2 in ]0,1[, one has 


( 6 . 6 ) 




'LZiK) 




Proof. In order to prove the first inequality, let us write according to Lemma 6.1 that 


L~ < ll^D?/lli 

{ky)e'i? 


< 2f 2K-|+|)2 ?||A^A//|Up + 2-^ 2^?2?||A^A/Vh/|| 


LP 


k<K 

eez 


k>K 

i& 


^ K 
< 2^ 


_l + 2 1 + 2 ^ ||Vh/|| 2 1 . 

^ Bf ^ 


The appropriate choice of K ensures (6.5). Let us prove the second one. According Definition 
2.1, we have 


11/11®;.--= E 

k/e.1? 

For any integers K,Li, which will be chosen late, we get, by applying Lemma 6.1, that 

k<K/<Li k<K,l<Li 

by using the fact that si is greater than —2/q + 2/p and S 2 is positive. 

Similarly since si is greater than —2/q + 2/p and S 2 is less than 1, one has 

^ 2‘*.2"-||Aj;A;/||„ < 24*.+;-;)2 -'|i-«)||aJa;8UIIi!(®.) 

k<K,e>Li k<K,l>Li 



INHOMOGENEOUS INCOMPRESSIBLE VISCOUS FLOWS WITH SLOWLY VARIABLE 


47 


Along the same line, since si is less than 1 — {2/q — 2/p) and S 2 is in ]0,1[, for some 
integer L 2 to be chosen hereafter, we write 


^ 2‘«2<«||AjA?/|| 

k>K/<L2 


LP < 


^ 2-Ki-i-l+i) 2^^^ WAlAJV^fhp^^l) 


k>K,l<L2 


and 


^ 2^s,2^s2\\AlA}fUp < 2-^(1-^) II 


k>K,i>L2 


k>K,i>L2 


Vh52:/||LP(L9)- 


As a consequence, we obtain 




0 2^^^2 (II Vh/||ir(Lg) + 2-^^ II Vh9,/||iP(i.)) . 

Taking Li, L 2 in the above inequality so that 


^ WdzfhULl) 2^2 - ll^h5./||iP(i.) 


II/IIl?(l^) 


l|Vh/||L?(L^) 


we get 




+ 2 




Taking K in the above inequality so that 


r)K 
2 ~ 


||Vh/||i;-.)||Vh5,/||-(^, 

II/IIu(l^)II^^/IIl?K) 

gives rise to (6.6). This finishes the proof of Lemma 6.2. 


□ 


|pt^(i)llen.»2nBi+N'«2 + \\dzpyt)yn’‘2 <Cor/(t)"i, 


Lemma 6.3. Let p be in ]2, oo[, si and S 2 in ]0,1[ and s' in ]2/p — 1, 2/p[ . Let (p^,v^, Vhll*^) 
be the global unique solution of (2.2). Then under the assumptions of Theorem 1.2, we have 

(6 7) " 

( 6 . 8 ) 

(6.9) 

( 6 . 10 ) 

( 6 . 11 ) 


+ \\dzvyt)\\^s^i,s:, < Co{t) (^+ 2 ), 

^"Wlli5N-2 + ||4u^f)||gU.^2 <Co(f)-(i + ^-?), 

1,-2 + ||5^^^'"(t)||gi+-i,-2 < log(^”7)®i(t) and 

< log(^+*'"i) {t). 


|u-qr)i|^i+. 


(6.12) j;(||afu^t)|| 

g2+s',S2 + l|Vh5fn>^ 


i=0 
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Proof. The Inequalities (6.7-6.9) follow directly from Lemma 6.2 and from Inequalities (6.3) 
and (6.1). Whereas note that in two space dimension, there holds 


(6.13) 


VpG]2,oo[, ll/lliP <||/r.||Vh/|| 


, 1 -- 

P 

'Ll • 


Then in view of (6.1), we infer for i in {0,1, 2}, 


^,,h, 




7,.h/ 


, 1 -- 


W^hdiv'^{t)\\LP < ||Vh9^u^(t)||];p(^2)||V^9^u‘'(t)||^P(^^2^ <Co(t) and 




2oL,h^ 


, 1 -- 


ril-l)., 




, 1 -- 


'lOlV[t}\\LP ;;; l|V£G^U-Ttj||£p(^2)||VhGJU-ttj||;|.p(^^2) <Co(t) W "(i)- 

Hence, by virtue of Lemma 6.2, we infer for (. in {0,1} and si ans S 2 in ]0,1[, 




^"(i)ll 


g=l,«2 < 






< CoWO^v''"'*’ X {t)~y~’)‘\ 

This proves (6.10). A similar argument yields (6.11). 

Since s' is in ]2/p — 1,2/p[, by applying Lemma 6.2 and (6.1), we get for i in {0,1}, 




The same estimate holds for VhclfH*^. This leads to (6.12), and the proof of the lemma is 
complete. □ 

Remark 6.1. It is easy to observe that satisfies the same estimate as (6.7), that is 

(6-14) ||a ||^^^j^+.gsi,s2^g2+si.s2^ + ||9za ||^oo|.jg+.gsi.s2p|gi+si.s2^ < Cory, 

for any si and S 2 in ]0,1[. 

Let us now turn to the proof of Proposition 2.1. 

Proof of Proposition 2.1. It follows from Lemma 6.3 and interpolation inequality in Besov 
spaces that for I in {0,1} 

iiaoNt)!! j,| < 


(6.15) ||a.V(t)i| , < iiafA'*'"’ 

^2 


1 1 l|Vh<9>‘^(t)pi 1 <Co(t) 2 and 




bT^ 


l|Vhr;^t)|| 1 




< ||Vhr;>^(t)p, ,||V2unt)p, , <Co{t)-Hog\{t). 

Bf’^ 
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This implies 
(6.16) 


1 1 + 1152^^^11 1 1 + 

L2(r+;B2’^) 

,.h|| 


1 1 


+ 


rV 


3 3 + llVhi; 




i.T - ^0- 


It remains to handle 




11 . Indeed it is easy to observe from (2.1) that 


■,Bl^) 


(6.17) = — divh(a’^(Villi’^ — Ahu'^)) — divhdivh(u'^ <8) u'^), 

from which, we deduce from the law of product (2.6) that 


in“ 


L'-{R+-,B^’^) 


11 <C{ (8* f^ll 11 

h|| ClTThi 


+ 


L°°(R+;B2’^) 


1,. flin^ 




+ llVhpi’ 


1 1 

L^{R+-,B^’^) 


Whereas it follows from (6.14) that 
(6.18) lla'^ll 




+ 




When we take rj so small that CCqT] < i, (6.18) implies 


in" 


(6.19) 


■,Bl^) 


<c \\a 


a JlVht^' 




+ 


LU 


< CoV- 


1 1 

;B^’^) 


11 T ■ 




L^{Bp) 


< Co- 


Similar to the proof of (6.19), we also have 


in" 


LH 




+ a" 


A.iJIVhSy 


in" 


LH 


1 1 
■,Bl^) 


+ llVhu' 


11 




1 1 “h 


11 fy 


LfiBl^) 


LHBp) 


nence by virtue of Lemma 6.3, (6.18) and (6.19), we infer 

lin^ll 11 <Co. 

Together with (6.16), we complete the proof of Proposition 2.1. □ 

7. The equation on and estimates of some error terms 

The purpose of this section is to study the equation that determines the correction term 
in rte^app- Let us recall it. 

dtw^ - A,r;" = -Vhn" 

(7.1) 


dtwl - + djl\ with n" -Aj^" divh dt • 


divide = 0 and iCen^o = 0. 


We have the following proposition. 

Proposition 7.1. Let (i(;e,n") be the unique solution of the above system, then we have 

||(eR;",ld£)|| ii + ||Ve(eid£ , lde)|| ^ ^e)!! W 

<C||^?o^Sll -iJ+C^llA"' 




L2(R+;B2’^)nLi(R+;B2’^) 


1 3 , 
1,^.’ 
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elKezOg, w^)!! 1 1 <(711^0^^1)11 qi + i i • 


Moreover for any positive a less than 1, we have 


L1(R+;H2 


Proof. Let us first compute 11^. Applying the divergence operator to the System (7.1) gives 


(7.2) 

This together with (7.1) gives 


-A,u^, + diuf = o. 


= divi,dt{g\^){t')dt' and 

Jo 

= - f e^^-^J^^d,AfUivi,dt{g\^){t')dt'. 

Jo 


By integration by parts, we get 


)£ = VhA^ ^dz\^ divh (t) - VhA^ ^ divh(£>ouS) 

+ f div]^[g^v^){t')dt' and 

Jo 

.3 = -a,A-Mivh(^)V)(t) + e*^^a,A-Mivh(^o^o) 


- r divh(^*^u*^) {t')dt'. 

Jo 


Written in term of Fourier transform with the notation ^ = (.^hjC) a.nd using the fact 
that divh = 0, 

|(ewiht,0>£(i>0)| < l4r^|-^(5^(£'V))(f,C)| 

(7,5) +e-*(l«S+^'^')|eh|-'|-T(a,(^)o^o"))(0| 

+ re-(‘-0(l?^^V)(^|^| + i^^Di^i |,F(f)V)(t',0| dt'. 

Jo 

Applying the cutoff operator in the frequency space in the horizontal and the vertical direc¬ 
tions gives, for any r in [1,2], 

2‘^f ||AgAJ(e»,5,»J)(t)||l, < C2‘(|-i)+¥||Ai;AKi.V)(t)||i, + Wtf{t) with 

w„(t) = e-'‘<^“+'*^“>2H}-i)+¥||Al;A?(«4)||„ 

+ re-"('-'')(2"''+"'2"')(2^ + £2^)2^^+¥||A^A^(f)V)(f')||L2df'. 

Jo 

As r is in [1, 2], we get by convolution inequality, 

\\^k,e\\L''{R+-L'^) — 2 ||A^AJ(i)0^^o)||L2 

+ (2'= + e2'}'-h>‘l+f II A>‘A;(4.V)lli.,M+;I=) 

< C'2-'=+¥||AjAK(>ot.S)l|y +2''+¥||A);AK2Y'“)lli.|„*,i.|. 
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By summation with respect to the indices k and £, we get thanks to the Minkowski inequality, 

< C'lle’o'i'oll -i,§ “*■ 

By definition of the norms, we infer that, for r in [1,2], 


||(eu;^,u;^)|| 2 1 


< Y. 2^-r+l\\AlA}iewl'^ 


‘■’e)\\L^(R+-,L^) 


;il^ 0 ^^Sll i 3 +||A^|| 2_, 3 i 3 . 

° 2?2 L^(R+;B2"’ 


Now let us estimate \\edz{£w^,w^)\\ 
vergence free vector field, we have 


„ 1 and Ijeclzleu;]', u;^)|| ,1 . As re is a di- 

L2(R+;B2’^) " ^ ^^"l1(R+;B2’^) 


£\\dzwl 


I qI < Cjlediviitc^l 

< C||£divhn;'^| 


n 1 < Cjletc^dl 1 1 ) 




1,1^ < C'ljen;^ 


1 . 

62 ’^) 


Then Inequality (7.6) applied with r equal to 2 and r equal to 1 gives 


L2(R^B2’^) 


, 0.4 +Ik4'®| 


SCIIeo-SlI _u+C||4.V 


L2(R+;B2’^)nLi(R+;B2’^) 


Now let us estimate || ^ i . From Equality (7.4), we infer that 

£||A);A;(£«.‘.u.|)(t)Uo < ||A);A;(£.''A)(()||to +e-“P"+'""”>||AjAK()ot.S)llio 

17 8) ft 


Taking the norm in time gives 

op op op 

2'=+-e||A^AJ(eu;^,u;^)||^i(jj+.^2) < 2"'=+-||A^AJ(£»ow(()||i2 + 2^+“||A^AJ(£>V)||ii(R+.^2). 
By summation with respect to the indices k and i, we infer that 

Together with Inequalities (7.6) and (7.7), this gives the first inequality of the proposition. 
To prove the second inequality, we get, by taking the norm in time of (7.8), that 


2222e||AfcAJ(eu;^,<)||^4(R+.i2) < 22 ||AfcAJ(£.oPo)llL 2 + 2222 ||AfcAJ(£» v )||i4(R+.i2) 
Summing up the above inequality with respect to the indices k and i yields 

0,1 +C'||A‘^|I 11 . 


L4(R+;B|’2) 


L4(R+;2JJ’^) 


This proves the second inequality of the proposition. 
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Let US prove the third inequality. Using (7.3), we can write that 

Jo 


Then applying the cut off operators in both horizontal and vertical frequencies gives 

2>^^+l\\AlA}A,iswlwlmh2 

rt 


Jo 

Using Young’s inequality, we get 

2''”+4||Aj;AJA,(eu.‘,tt.?)||i.„+^i,|<C2‘l->+“)+f||Ai;Aja,(eV)lli.(M+;l=)- 

By summation the above inequality with respect to the indices k and we get 
(7-9) 1 < Ca||at(^V)|| 






In order to get the estimates on the pressure term Ilg, let us observe that Relation (7.2) 
implies that 

- eVhA'^S^div/j 

£^A-^dl<l\YY,A~^dzdt{Q^v^) J 


= 


As we have 


e|CI 


e2|C|2 


l4P + e2C2 - 141 

we infer that, for any a in ]0,1[, 


< T^TT and 




2A2 — 


< 1 


eliv.n 


ll 


Then the proposition is proved. 


1 < I 


L^(K+;132 


□ 


Let us now turn to the proof of Proposition 2.2. 


Proof of Proposition 2.2. It follows from the law of product (2.6) and Lemma 6.3 that 


and 


ll^’O^^oll 0.1 

62 ^ 

< 

rsj 

<CoP, 

1 1 

< 

3 1 ||u*^|| 3 1 



L”(K+;B|’^) L 4 (R+;B 2 ^’^) 


0 3 < ||^>’^|| 1 1 ||9^u'^|| 1 1 

L 2 (M+; 62 ’^) 


< Cov, 


+ 


'L”(R+;B2^’4 


1 1 


< Cop. 


Similarly, we deduce from law of product (2.6) and (6.15) that 


I A" 



< 





) 


+ \\d.P^ 


1 1 




< Cop. 


Hence by virtue of the first two inequalities of Proposition 7.1 and the remark following (1.7), 
we conclude the first inequality of Proposition 2.2. 
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On the other hand, for any a in ]0,1[, we get, by applying the law of product (2.6), that 






< \\dtd,p^ 




+ IIV 


a 1 \\OzV ' 






a 1 ||9tU*^|| a 1 




,l\\dAv^\ 


a 1 , 


SO that by applying Lemma 6.3, we obtain 






li(R+;B2 ’^) 


This together the third inequality of Proposition 7.1 leads to the second inequality of Propo¬ 
sition 2.2. □ 

Corollary 7.1. Under the assumptions of Theorem 1.2, there holds (2.12). 

Proof. We first deduce from the law of product (2.6) that 

lb*" • Vh(ew^,w^)||^,_^ ^0,1 ^ „iTa 


{e'^Ws ■ V{ew^, w\ 




u’^ll 1 1 ||(erCe , wl)\\ 1 1 , 

L2(R+;b)’^) ^ L^{R+;bI'^) 


L2(R+;H2’^) 


1 1 ||V£(er(;^, r(;f)|| „ i , 

2 ’^)" ^ ^ ^^"l2(R+;B2’^) 


lerce • V(u’^, 0)11 „! < ||erc“| 


L2(R+-Bf'^) L2{K+-,Bf^) 


+ e Wt 


1 1 dzV“ 


L4(R+;BJ’2) L3(R+;B|’^) 


Moreover, it follows from (2.7) and (2.6) that 

ll4nKll,.._j.i. S II4{A'“®U)||,,„ 


L°°(R+;B|’^) L2(]R+.g|’2) L2(R+;B2^) 

+ (1 + ll£''^ll 1 1 ) ll'i^'^ll 1 1 \\dzV 


^ (M+ ;i3| ’ ^) L2 (M+ ^(R+ 

Hence by virtue of (2.11), Proposition 2.2, and Lemma 6.3, we conclude the proof of (2.12). 

□ 


8. The control of the term be 

The purpose of this section is the control of the term be which satisfies Equation (2.17) as 
described by Proposition 2.4. Namely we want to decompose the solution b^ of Equation (2.17) 
which is 

(8.1) dtbi;+ Ui;-Vbs =-Re ■'^[a% - e[ws with be\t=o = 0 

as be = be + be such that 

p£(i)|| 2 1 <Cor]{l + TZo){t)^ and ||6£(t)||LP < Coe^~^(l + ^o)^(i)- 
kp’p 

Ur, 
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In order to do it, let us introduce the following decomposition of = bi^s + i> 2 ,s + ^ 3 ,£ with 
dibits + Ue ■ V6 i,£ = - £Rl[dza\ , 

(8.2) dtb2,E + [v^]e-^\ib2,£ = - ■Vh[a^]e-£[we-^a^]e and 

dtb^^e + Ue ■ V63,£ = - s{{£W^, wf) + Re) ■ Vb 2 ,e- 
Let US first estimate ||fci,£(t)||LP. As the vector field Ue is divergence free, we have 

Wh, £{t)\\LP < [ \\Re{t')\\L-°\\dza^{t')\\Lpdt'. 

Jo 

Interpolation inequality (6.5) of Lemma 6.2 and the induction hypothesis (2.13) implies that, 
for any t less than T^, we have 

f \\R{t')\\L^dt' < /V(OP 1 + 2 i||Vhi?(t')ll^ idt' 

Jo Jo P'P 


(8.3) 


^'M|4 


<t-^ iii?(t')r i+.idt' 
/o ^ P 


./\ 4^3 


||Vhi?(t')ll ^idt 


1 
3 




< Rot 2. 

Then using the Estimate (6.3), we infer that, for any t less than T^, 

(8.4) \\bi,e{t)\\Lp <CoV£:^~pt^Ro- 

In order to estimate \\b 3 ^eit)\\Lp, we need to estimate ||V62 At)\\LP. Let us observe that 

dNb2,e + • VhV 62 ,£ = -Vii^ • Vhla*^]. - R^ • VhV[a^], 

- V[i;'"]£ • Vh62,£ - ei'^eWe ■ Va'"]^ - e[we ■ VVea'"]^. 
Using the fact that is divergence free, we get, 

^Wb2,emLP < e-^{\\VR^\\L^ + \\eVeWe\\L^)\\Va^\\LP 

(8.5) dt V 

+ {WR^Wl^ + \\eWe\\L^)\\V^a^\\Lp) + \\^V^\\L^\\Vtb2,e\\LP. 

Estimate (6.3) together with Sobolev embedding implies that 

(8.6) ytKTe, ||Va'^(t)||LP < r/Co and ||V^a^(t)||LP < i/Cq. 

Induction hypothesis (2.13) and Proposition 2.2 implies that 


l^.^e(^)l|i°° + \\^'^eUJ£{t)\\L°=')dt < Rq +Co. 


Together with (8.6) this implies that 


(8.7) 


|Vi?^(t)||Loc + \\sVeWeit)\\L^)\\Va^it)\\Lpdt < rjCo{l + Ro)- 


Proposition 2.2 yields that 


( 8 . 8 ) 
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Proposition 2.1 claims in particular that ||Vr;’^(t)||i:,oo is an integrable function on the 
integral of which is less than some Cq- Applying Gronwall’s Lemma to (8.5) and using the 
Estimates (8.3), (8.7) and ( 8 . 8 ), we get for any t less than T^, 

\\'^b2,eit)\\LP <Co£~p{l+no){t)^. 

Now let us consider the equation on 63 ^^ in ( 8 . 2 ). As is divergence free, we get, by applying 
again the Estimates (8.3) and ( 8 . 8 ), that 

WbsAmLP <e [\\\R,{t')\\L^ + \\ew^{t')\\L^ + ||u; 3 (tO||Loo)||V62,.(OllL^rft' 

(8.9) Jo 

<Co£^■p(l+7^o)^^). 

Defining = bi^e + ^ 3,6 ensures the Inequality (2.19) of Proposition 2.4. As there no power 
of £ in the right hand side of the equation on 62,5 we must use another norm to measure 
the size of 62,6 The fact that the convection vector field involved in the equation of 62,6 has 
no vertical component will allow us to propagate the anisotropic regularity thanks to the 
following lemma. 


( 8 . 10 ) 


Proposition 8.1. Given a smooth vector field with div^ = 0, we consider the following 
transport equation with a parameter z 

dtb{t, Xh, z) + v^{t, Xh, z) ■ Vh6(t, Xh, z) = g{t, Xh, z), 
b{0,Xh,z) = bo{xh,z). 

Let p he in ]2,4[. Let us define 

Vp{t)‘^= sup [ ||Vhu'"(t', •,2:')ll 2 dt'. 

z'eRJo 


Then for s in ]0,2/p], we have 
( 8 . 11 ) 


exp(-CVp(t))|| 6 || , <C|| 6 o|| sT+C\\g\\ .1 


Proof. Let us hrst observe that Theorem 3.14 of [5] implies that for any a in [0,1 + 2/p], we 
have, for any z in M 

( 8 . 12 ) \\b{t,-,z)\\(B-\ <{\\bo{-,z)\\^B-h + \\9{t', z)\\(B-\dt'^ ew{CVp{t)). 

Let us define {T-zb){x\i, z') b{xii,z' + z) and T-zU — a. Then in view of (8.10), 

one has 

dtT-zb + T-zV^ ■ VhT-zb = T-zg. 

Subtracting (8.10) from the above equation, we get 

(8.13) dtd-zb + ■ Vi,6-zb + d-zV^ ■ VhT_^6 = 5-zg. 

Applying again Theorem 3.14 of [5], we infer that 

ex.p{-CVp{t))\\5-zb{t, ■, z')\\(B‘V < ||5-^6o(-, 


+ 


C \\S_z9{t',-,z')\\^B-)i,dt' + \\5_zV^{t',-,z') ■ VhT_^ 6 (t')||(B.)^c?i'- 


(8.14) 
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The law of product in which claims that for s in [0,2/p], ||a6||B3 < CHaH 2 ||6||b 3, together 
with Inequality (8.12) implies that 




< sup ||Vh6(t',-,z')||(B-), 




+sup / ||Vhff(t',-, 2 ;)||(B^)^dt') exp(C'Vp(t)) 


^gr Jo 


X / \\6-zV^{t\-,z') 2 dt'. 


Plugging this into Inequality (8.14) gives 


exp{-CVp{t))\\S-zbit,-,z')\\^ss)^ < \\ 6 -zbo{-,z')\\^t 3 s)^ + C \\ 5 -z 9 {t',-,z')\\i^Bs)^dt' 

+ (l|Vh&o||L?°(B»)h+sup / ,-,z)\\^t 3 s)^dt'') j \\5-zV^{t',-,z')\\ I dt'. 

^ zgrjo ^ Jo {Bi\ 

Taking U’ norm of the above inequality with respect to the vertical variable z' yields 

exp(-C'Vp(t))||(I_^6(t)||iP(B.)j^ < \\5-zbo\\L^(B-)i, + C f \\5-zg{t')\\LP{B;\dt' 

J 0 

+ c(||Vh6o||L^(e|)h+sup /" \\Vhg{t',-,z)\\(B-^dt') [ ||(5_^u^(t')|l | dt'. 

^ ^ ^grjo ''Jo lI(bI\ 


Dividing the above inequality by \z\p and taking the U’ norm of the resulting inequality with 
dz 

the measure — over R, we obtain Inequality (8.11) and thus the proposition. □ 

Continuation of the proof to Proposition 2 . 4 . Let us observe that Proposition 8.1 implies that 
for t less than T^, 




||62,.|| 21 <Co ||i^^VhK].|| +e\\ws-Va^ 21 

^oo(gP’P) y^ll t t1/kP’P\ TlfKP’P 


L\{Bf’n 


L\{Bf’n 


+ ||p^|| 2 1 (||Vh(i^^Vh[a^]e)|| 2 +e||Vh(u;e-Va 

rUnP pC L^(Ll(Bf)P, 


Hence it follows from the law of product (2.6), Proposition 2.2 and the the induction hypoth¬ 
esis (2.13) that 


L^iBf'n 


< II 2 1 + llercg 
V LiiBrn 


21 + ||Vhi?£ II 2 i 


LjiBrn 


LUBrn 


(8.15) 


+ ||£Vhu;,|| 2i)f||Va^|| 21 +||Vai’ 

LKBf’n'' V L^iBf’n 


<Co(l+ 7 ^o)(^)M l|V« II 21 +||Va‘^|| 1+2 

V LriBfn ^)h) 
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Yet it follows from Lemma 6.1, (6.14) and (6.3) that 


||Va^ 


< 




llVa^' 


LriBp) 


1,1 < llVa^r 1 1 llVhVai^r 1 1 <Cor?, 


1 






This implies that for all t less than 


2 1 <Co'r]{l+TZo){t)2. 


L^iBfn 


Taking be = b 2 ,e leads to (2.18). We thus complete the proof of Proposition 2.4. □ 

Corollary 8.1. Under the assumptions of Theorem 1.2, the inequalities of Assertion (2.20) 
holds namely, for p in ]3,4[ and 6 in ] 0,1 — 3/p[. 


\e: 


44 I 


£ II , - 1 + 2,1 <Co??(l + ^o) and \\Ep'^\\ .i+s+3,-s < Cqe^ i>(1+^o)' 

L\,{Bp P P) L\.{Bp ^ ) 


Proof. We deduce from a similar derivation of (6.19) that 


Iff 


YC lla 


Bf’^ 


L°°(R+-.Bf ‘U B. 

which together with (6.11) and (6.14) ensures that 


ji lIVkAOII ji + F‘(*)l|U,.). 

■Bf kF P kp'pJ 


(8.16) 


||Ahu‘'(f)|| _,+ 2i+||Vhff 

Bp P ^ 


(l-2)2 

I" V p / p { 


_i+2i<Co(i) log'' plp{t). 

Bp ^ ^ 


Moreover, as p belongs to ]3,4[ and 5 to 0,1 — 3/p[, we have 


-1 + 5 + - G 

p 


0 , 


p L 


and — 5 H— gIO, 1[. 

P 


Then it follows from Inequality (6.12) that 

_l+5+5 5+1 

/ in. -4- \ ' T) ’ ' T) 

(8.17) 


(^)(l|Ah'P (i)|| _l+5+|,_5+l + llVhll l,rj||^_l+5+|__5+i 


B„ 


dt 


< 


it) 


-(l+l+ll) loffff 


log p dt < Co- 


On the other hand, it follows from the the law of product (2.6) that 
\\b{[A^v\ + 


\e \\ -i+^,r 

EiBp p’p) 
ft 


< 


116(011 2i(||AhO(0ll -i+ 2 i + ||VhnOOll -i+|,i)rfi' 


Bf’^ 


Bp -P’P 


Bp P’P' 


from which, (2.18) and (8.16), we infer the first inequality of the Corollary. Similarly, again p 
belongs to ]3,4[ and 6 to ]0,1 — 3/p[, the the law of product (2.6) ensures that 

||6([AhO]s + [Vhn'^]£)||.-1+.+I,-. 




< 


||6(0llL.(ll^hp"(0ll -,+.+|,-.+i + l|VhnOOll -i+.+|,-.+i)dt', 

I3r) 


which together with (2.19) and (8.17) gives rise to the second inequality of the corollary. □ 



58 


J.-Y. CHEMIN AND P. ZHANG 


9. Conclusion of the proof of the main theorem 


Proof of Theorem 1.2. Let us first observe that law of products implies that, if p G]3,4[ 
and ||a|| 2 i is less than c„, which is the case for ||a£(t)|| 2 1 for t <Tr thanks to Corollary 2.1 

provided that 77 is sufficiently small, given by Definition 2.2 maps continuously from 
into itself for any si in ]— 2 /p, 2 /p] and S 2 in ] — 1 /p, 1 /p] , which reads 


(9.1) 


Pa5'llBU’«2 < 115 'IIbU’'’2. 


Let us now fix p in ]3,4[ and 5 in ]0,1 — 3/p[, which is determined by (2.15). For t less 
than Tg defined by Relation (2.13), we denote 


(9.2) 


gx{t)'^=g{t)ex.p(^-X J Ue,i,pp{t')dt'^ with C/£,app(i) ||«, 


'£:,app 




1 j_2 1 


+ ||^^£,app(t)f 2 1 + 1152u'^(t)ll® 12 1 +e\\{£dzW^,dzW^){t)f 

^P’P g ^+P’P 


Rt 


Then we deduce from Equality(2.23) that 

ReAt) = ^^xp(-A^V,,app(^'Orf^")e('■^ 

div (u^^app ® Re^X “ 1 “ Re^X ® ^£,app “ 1 “ ^Re ® Re A ‘ 

So that for the norm jj • llx(t) given by Definition 2.1, we have 

11 -Re, aIUo) < exp(^-A^^ Ue,^pp{t")dt"^FaXael^Re,X 

div(u£^app ® -Re,A T -Re,A ® I^e,app T £-Re ® -Re,A) -Re,A) 


(9.3) 




It is easy to observe from Inequality (2.5), the law of product (2.6) and Corollary 2.1 that 


< 

Cl 

ke^h-Re,A 

II , -14 

.11 + 

lkeR3Pe,A|| -i 


v 


LliBp 

p ’ p ^ 

LliBp 

< 

C ke 2 1 

(l|12e,A 

II , 14 

2 1 + R3-Re,A 





LliBp 

P’P) p 

< 

Cov 

exp(C'7?.o) 

(||i?c,a|| 

14 — 

LjiBp P 

1 + A 

Ll( 


Along the same lines, we get 


||Pa, div(eR£ (g) R£,A))||;r (t) ^ ||Pae(£-Re •'^h-Re,A+ e-R£R3-Re,A)|| ^ 

^ i^p ^ ) 

<e[||i?e|| 2 1 lli?£,A|| 2 1 + lli?e|| -4 + ^,1 ll'93-Re,A|| 4 _i + 2 i V 

V L^Brn LjiBf'n 

Using Inequality (2.5), we deduce from Inequalities (2.12), (2.15), (2.16) and (2.20) that 
||lPae-Re||jF^(i) < Co(l + {g + e^~^~p) exp(C'7^o)). 
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Now let US turn to the estimates of the last two terms in the rightanside of Inequality (9.3). 
We deduce again from Inequality (2.5) that 

exp(^-A [ Ue,s,pp{t")dt"^ diVh(^Xe,app <8) + Rs,\ ® ^^£,app) 


Mt) 


< 

r\-/ 


< 


< 


exp(^-A f 17£,app(t")(^*'') ll-Re,A ® W,app(tOll ^^dt' 
exp(-A / Ue,i,pp{t'')dt'')\\Ue,i,pp{t')\\ 2 i||i?£,A(tOll 2 . idt' 


exp(-2A / C4,app(r)dt")||w,app(i0lP 2 idt') WRsMl ii, 
A .If 2 nP’P / LliBp 


which together with (9.2) ensures that 

exp(^-A t4,app(i")(^i") diVh(M£,app ® R^X + Rs,X ® ^£,app) 


< 






Along the same lines, we have 

ft 


< 


exp (^-A Us,s,pp{t'')dt"^ 83 (w£,app ® RI,X + Re,X ® ^^£,app) 
f exp(^-A / Ue,s,pp{t")dt"^\\{d3Re^X'S>Us,s,pp{t') + Re^X'Sl d3Ui;^s.pp){t')\\ . 1+1 idt', 

t/ 0 J ^p 


By the definition of U£,app given by (2.9), we infer 

J exp(^-X t4,app(t")di") ||.Re,A ®'93ii£,app(i0 


I -1+2 i dt' 

Bp 


[ exp(^-A / Us,^ppif)df^(^e\\d,v^{t')\\ _i+i^i\\Re,xit')\\ _i+|,i 
Jo J ^p ^p 


+e‘^\\{edzw^,dzw^)\\ ^ i ||i?s,A(^0ll^§ 

Bo 




Then due to Definition (9.2) of C4^app) Holder inequality implies that 


exp(^-A [ Us,i,pp{f)dt"y\Re,x^d 3 Us,i,pp{t') 
J 


I -1+2 i dt' 

Bp 


^ —II^£,a|| + -rl|-Re,A|| 21 . 

Ai LfiBp^ A 2 n 


Following the same lines we get 

f exp^ —A f C4,app(t )dt 1 ||93.I?e,A ® w,app(t )ll -i+^,^dt ^ 4 . 

Jo ^ Jt' ' Bp Xa: Lf {Bp ^) 

Resuming the above estimates into Inequality (9.3) and using the definition of the norm 
llx(t) given by Definition 2.1, we infer that, for any A greater than 1, 

\\Re,x\\x{t) <Co(l + (r? + e^■'^■p)exp(C'7^o)) + (^Cor/exp(C7^o) + ^) ||Re,A|U(t) 
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which together with the induction assumption (2.13) ensures that for t less than and for 
any A greater than 1, 

(9.4) 1^1 - C'(^Co^?exp(C'7^o) + ^+ e7^o)^ ll^£,AlU(i) < Co(l + (?? + exp(C7^o)). 

Let us take £, r] sufficiently small and A sufficiently large so that 

^^6^’ 7^o < ^min|-ln(2e^"'^"^/P),-ln(27?),-ln(6C'Cor?),l/6e|. 

Then we deduce from Inequality(9.4) that ||i?£,A||x(t) ^ 4To, from which and from Inequal¬ 
ity (9.2), we infer 

ll-RelUw < ll^£,A|U(t) exp(^A^ L£,app(tO(^^') <4Coexp(^A^ Ue,s.pp{t')dt'y 
However, let us notice from Equality (2.9) and Lemma 6.1 that 


u. 


£,app 


-14-2 1 

Bp ^ P’P 


< 

rs_/ 




£,app 


B^’P 


< 

rs_/ 


^^ ,+e\\iEw ,w )(i)ll^|,i. 

, 1,1 


which together with Proposition 2.2, (6.10) and (6.15) ensures that 


(9.5) 


Ue,a.ppit')dt' < Co and ||i?£|U(t) < 4Coexp(CoA) =^Co. 


We take TZp = 2 Cq and take e, rj so small that 
1 . . 1 


(9.6) ^ ^ 2Co < — min|-ln(2e^ ^/^),-ln(2?7),-ln(6CCo?7),l/6e|. 


6CCo 

Then we deduce from Inequality (9.5) that 


<Ts , ||i?£||x(t) < 


TZ(] 


The necassary condition for blow up implies that equals to infinity. This completes the 
proof of Theorem 1.2. □ 

Appendix A. The proof of (2.5) 

Proof of 2.5. For j = 0,1, 2, we get, by applying Lemma 2.4 of [5], that 






Lf{Lr) 


< 2^^ 




A^AJ/(Ol|Lpdt' 


L\. 


< 


2P 


< dk 


T\\^^}f\\L\.{LP) 

(22fc + 22^)5 

2-ka2t{j-5) 

T ll/ll 1,1 

(22fc+22^)i ^ ^ 


where {dk/)f. denotes a generic element of so that ^^^2 dk/ = 1. This together 

with Definition 2.1 ensures that 

rt ,1 _ 2^k{s—a)2^i{s'-\-j—0) 

< dk,e -^— 


ed-^'^^dif{t')dt' 


’ (22fc + 22^)i 


LUB’f’Py 
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In the particular case when 


/ / 

OL < /? < s + i and a + jS = s + s + j -, 

Q 


we have 

(A.l) 






< 
/, rs_/ 




This together with the dehnition of the norm || • ||jr given by Definition 2.1 leads to 
Inequality (2.5). □ 
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